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Bayesian Spatio-Temporal Approach for EEG Source
Reconstruction: Conciliating ECD and Distributed

Models
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Abstract—Characterizing the cortical activity sources of elec-
troencephalography (EEG)/magnetoencephalography data is a
critical issue since it requires solving an ill-posed inverse problem
that does not admit a unique solution. Two main different and
complementary source models have emerged: equivalent current
dipoles (ECD) and distributed linear (DL) models. While ECD
models remain highly popular since they provide an easy way to
interpret the solutions, DL models (also referred to as imaging
techniques) are known to be more realistic and flexible. In this
paper, we show how those two representations of the brain electro-
magnetic activity can be cast into a common general framework
yielding an optimal description and estimation of the EEG sources.
From this extended source mixing model, we derive a hybrid ap-
proach whose key aspect is the separation between temporal and
spatial characteristics of brain activity, which allows to dramati-
cally reduce the number of DL model parameters. Furthermore,
the spatial profile of the sources, as a temporal invariant map, is
estimated using the entire time window data, allowing to signifi-
cantly enhance the information available about the spatial aspect
of the EEG inverse problem. A Bayesian framework is introduced
to incorporate distinct temporal and spatial constraints on the
solution and to estimate both parameters and hyperparameters
of the model. Using simulated EEG data, the proposed inverse
approach is evaluated and compared with standard distributed
methods using both classical criteria and ROC curves.

Index Terms—Bayesian inference, distributed model, ECD,
EEG, hybrid, inverse problem, spatio-temporal.

I. INTRODUCTION

S INCE it gives access to the localization and dynamics of
cerebral activity sources, neuroimaging has now become

a major tool for the investigation of cognitive processes. In
contrast to positron emission tomography (PET) and functional
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magnetic resonance imaging (fMRI) which measure cerebral
metabolic and vascular variations resulting from changes in
neuronal activity, electroencephalography (EEG) and magne-
toencephalography (MEG) are direct physical measurements
of neuronal currents [1]. Moreover, they are the only modalities
capable of resolving temporal patterns of neuronal activity in
the millisecond range [2], [3]. However, knowing the scalp
electric (respectively, magnetic) field topologies does not allow
to estimate in a unequivocal manner the underlying current
generators. The so-called EEG/MEG inverse problem is indeed
known as being mathematically ill-posed: it has no unique
solution in the most general unconstrained case.

Two types of approaches have been proposed to address this
issue [4]–[6]. Both of them rely on the physical concept of
current dipole, which is a plausible bioelectric source model
under suitable conditions of temporal synchronization of local
neuronal populations firing [7]–[9]. The first approaches, called
“dipole fit” methods, consist of estimating the location and
orientation of a few number (up to about five) user-defined
equivalent current dipoles (ECDs) whose contributions fit the
data best [10]–[12]. Each ECD aims at modeling the activity
of a whole cortical area and its single temporal dynamic is
evaluated together with the other parameters by means of a
nonlinear optimization process. This hypothesis of a single local
time course is both convenient and fairly realistic since closed
neuronal populations are expected to be strongly coherent in
time. However, this constraint has a spatial drawback. The
ECD position may well approximate the center of mass of the
cortical patch, yet it is not able to describe its extent. Indeed,
in case of a highly extended cortical area, even the optimal
ECD localization may be meaningless. Nevertheless, despite
the lack of physical relevance of these dipoles, ECD methods
are widely used in the neuroscience research community. The
second and more recent so-called “imaging” approaches consist
of estimating the amplitude of a predefined dense set of dipoles,
typically distributed all over the cortical sheet [13]. Each dipole
unit models a neuronal macrocolumn, i.e., a surface element of
a putative source. Given this model, estimating the amplitude
of each dipole becomes a linear inverse problem, and should
allow to localize the activated areas as well as to quantify their
spatial extent. The major drawback of such methods comes
from the huge number of parameters to be estimated (about
hundred times the amount of available data). Thus, the problem
remains under-determined and regularization is required to
constrain the solution space by some a priori information.
Most existing inverse techniques hence differ by the nature of
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the spatial prior they introduce [14]–[25], pointing out that the
choice of the regularization scheme also constitutes a crucial
issue. However, very few developments have been focusing
on temporal constraints. In [17], [26], temporal smoothness
has been enforced through a highly nonlinear optimization
procedure, but without explicit control of the regularization
process. More recently, the temporal issue has been addressed
in [27], applying a simplified Kalman filtering, but the proposed
algorithm is highly sensitive to its (spatial) initialization.

A hybrid approach has already been proposed in [28], [29].
After a first step of multiple ECD fit, the method consists of a
“remapping” process that solves a local inverse problem on each
distributed source patch corresponding to one of the ECDs esti-
mated previously. This method aims at taking advantage of both
the parsimonious nature of ECD and the anatomophysiological
realism of distributed linear (DL) models. Besides, the scalp
measurements themselves are only used to initialize the method
(the ECD fit step), which is a highly critical step. Moreover, the
approach does not deal with any temporal issue, yielding sub-
optimal estimates of the activity sources.

In this paper, we propose a hybrid approach that associates
a set of ECDs with functionally and anatomically meaningful
clusters made of some elementary dipoles of the distributed
source model. Following the ECD model, which associates a
regional source to a single time course, we then constrain each
distributed dipole of a given cluster to have a common temporal
dynamic. As a consequence, space and time variables
can be dissociated and the current density (described as a spatio-
temporal field ) can be rewritten as the product of a spa-
tial and a temporal field: . This simplifica-
tion of the original DL model leads to a significant diminution of
the number of model parameters. The time courses of the active
areas as well as their spatial activation profile, which is time in-
variant, are estimated based on the whole data window. The sub-
sequent Bayesian spatio-temporal approach (BASTA) frame-
work described afterwards enables us to introduce both spatial
and temporal specific prior informations in order to provide a
realistic estimate of the bioelectromagnetic activity sources.

This paper is organized as follows. The extended source
mixing model and the associated spatiotemporal decomposi-
tion are described in Section II. In Section III, we detail the
proposed Bayesian estimation framework. In Section IV, we
describe both the numerical simulations and the evaluation
metrics used to compare the proposed approach to three clas-
sical inverse estimators [the minimum norm method (MN), the
weighted minimum norm method (WMN), and the low-res-
olution electromagnetic tomography algorithm (LORETA)].
The simulation results are then presented in Section V. Finally,
results are discussed together with the proposed methodology
in Section VI.

NOTATIONS

In the following, denotes a real number, a vector, and
a matrix. , , and indicate the transposed ma-
trix of , the th vector column of , the scalar element of the
th column and th row of and the trace of , respectively.

, , , and stand for the identity matrix, the th

column of the identity matrix, the vector of ones,
and the null vector, respectively. For any vector ,

denotes the diagonal matrix whose diagonal is .
refers to the Kronecker product and to the nabla operator.

“ ” relates two expressions that are proportional. For two vari-
ables and , stands for “ given ” and for the prob-
ability of . is the Gaussian probability density func-
tion (pdf) with mean and covariance matrix ; is the
Gamma pdf with shape parameter and inverse scale parameter
; is the Dirac delta distribution for the random vari-

able ( is identically null when ). Given
an matrix , let us also define an vector-valued
function denoted by such that

...

II. BAYESIAN SPATIO-TEMPORAL APPROACH: THE EXTENDED

SOURCE MIXING MODEL

A. Spatio-Temporal Separability

On one hand, solving the EEG/MEG inverse problem within
the DL framework amounts to find a unique solution to the fol-
lowing linear system:

(1)

where indicates the matrix of measurements ( :
number of sensors, : number of time samples), is an additive
measurement noise, is the matrix of the unknown time
courses of dipoles ( : number of elementary distributed
dipoles), and is the gain matrix (forward operator)
associated with the position and orientation of the dipoles.

is obtained by solving the so-called forward problem [30],
[31] for a given set of dipoles with fixed position and orienta-
tion (distributed perpendicularly to the cortical surface). Each
column of indicates the putative contribution of dipole
to the scalp data (its so-called forward field).

On the other hand, the ECD model assumes that the observed
data can be explained by a set of active extended cortical areas,
each of them being modeled by a unique ECD such that

(2)

where is a unknown mixing matrix containing the un-
known forward fields of the ECD’s, is an also unknown

matrix containing the ECD time courses and is an
additive noise. By definition, remains the same throughout
time: it should express the proper time invariant signatures of
the extended sources on the scalp. This is the key point to en-
sure proper estimation and interpretation of the corresponding
ECDs.

The hybrid model first consists of linking the ECD (1) and the
DL (2) models by simply expressing each ECD forward field

as a weighted sum of each contribution of the elementary
dipoles of the DL model
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where is the relative contribution of dipole to the th ex-
tended source. This can be rewritten, in matrix formulation, as
the kernel convolution

(3)

Equation (3) explicitly links the ECD and the DL models. It
states that the measurements can be equivalently explained by
these two different configurations of current source. Neglecting
modeling errors (assuming ), (3) yields a spatio-temporal
decomposition of the distributed sources such that

(4)

where models the temporal characteristics (or variables) of
the brain electric activity, while the spatial kernel represents
its cortical spatial signature.

Based on this spatio-temporal decomposition, our proposed
extended source mixing model further constrains the shape of
the spatial kernel as follows. Assuming a spatial parcelling
of the cortical surface into anatomically and functionally
meaningful clusters [32], [33], we associate each parcel

with one ECD. To do so, we restrain the
support of the th ECD cortical signature to the elementary
dipoles belonging to the cortical patch , as follows:

(5)

is, thus, now defined such that

if
otherwise

or

(6)

where is the diagonal matrix (whose diagonal is the
vector containing the weights , i.e., )

and is the matrix describing the cortex parcelling

if
otherwise

(7)

Equation (3) and (6) are then to be unified as

(8)

Equation (8) constitutes the ground of our extended source
mixing model. Together with (1) and (2), it reconciliates the
ECD and DL models by describing the data as follows:

(9)

where (respectively, ) relates to the known forward oper-
ator of the DL model (respectively, a fixed data-driven cortex
parcelling) and and respectively, indicate the spatial and
temporal characteristics of the current source densities that re-
main to be estimated. This leads to the following expression for
the parameters of the distributed sources

(10)

is interpreted as a biresolution matrix, linking the local scale
( elementary dipoles) to the regional scale ( clusters). The
vector hence expresses the relative current intensity distri-
bution within regions. It describes the spatial profile of each ac-
tive extended cortical source and is, by definition, time invariant.
Therefore, the entire time window data can be used to estimate
both the temporal invariant and the time course matrix .

B. Standard Models as Particular Cases of the Extended
Source Mixing Model

It is important to emphasize the way the standard ECD and
DL models relate to this proposed general and hybrid frame-
work. We show how the two standard models can be seen as
two particular and extreme cases of the extended source mixing
model.

The standard ECD model can be derived from the extended
source mixing model by assuming the following:

1) the very few number of active sources (ECDs) is fixed
a priori;

2) and : the extent of the source is not
modeled.

Similarly, the extended source mixing model appears equivalent
to the standard distributed model when the following hold:

1) and : each elementary dipole has its own
time course;

2) the product is directly estimated,
without any explicit separation of space and time vari-
ables.

C. Identifiability of the Model

As any decomposition technique (e.g., “blind deconvolu-
tion”), our model has a hidden characteristic that requires to
be highlighted. Indeed, since both and are unknown, the
extended source mixing model described by (9) suffers from
nonidentifiability of its parameters. In other words, the same
prediction of the measurements may be obtained by either of
the two pairs and , that would be linked as
follows:

where is a matrix. When is any invertible matrix (e.g.
permutation matrix), this type of nonidentifiability is often re-
ferred to as “factor indeterminacy” in the context of factor anal-
ysis [34]. In our case, since is of the form given by (8),
is restricted to any nonzero diagonal matrix. As a con-
sequence, we have to choose the power balance between the
map and the ECDs time courses matrix . Among all possibil-
ities, a convenient solution consists of enforcing the normaliza-
tion of one of these two terms in the estimation procedure, al-
lowing the other one to express the relative power between the
extended sources (see Section III).
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D. Model Insights

In order to introduce spatial and temporal specific constraints
in the estimation, we need to rewrite the previous extended
source mixing model in a more practical way. Applying the
“ ” operator to the left and right sides of (9) yields two
equivalent formulations of the extended source mixing model

(11)

(12)

where is the forward operator of whose th column
is given by

(13)

where stands here for the transposed th row of the ma-
trix and corresponds to the time course of the th elemen-
tary dipole. Note that we benefited from the diagonal nature of

in order to derive (12). Equations (11) and (12) emphasize
the temporal and spatial aspects of the model, respectively. Ei-
ther (11) or (12) will be considered for estimating parameters of
the extended source mixing model.

First, note that depending on the length of the data window,
the ratio between the size of available data and the number
of parameters to be estimated changes. Indeed, the estimation
of the whole set of parameters of the extended source mixing
model becomes overdeterminated (which is also a feature of
ECD models) as soon as . However, this does
not state that this system of equations is well-posed. For in-
stance, the estimation of given the time courses matrix is
well-posed if and only if

(14)

The first statement is conditional on the length of the data
window. The second condition depends on the putative linear
relationship between various columns of , each of them
being associated with a particular elementary dipole of the DL
model. The linear independence between columns of that
correspond to two different patches can be brought by a time
course contrast between the corresponding ECDs. Neverthe-
less, within a patch, the term is constant. Therefore,
the conditioning of directly relies upon the linear indepen-
dence of the forward fields of dipoles belonging to the
same cluster, which cannot be assured in general. In brief, the
temporal behavior of the active sources has consequences on
the efficiency of the estimation of .

III. THE BAYESIAN SPATIO-TEMPORAL APPROACH:
ESTIMATION FRAMEWORK

As mentioned above, the issue of estimating the parameters
of the extended source mixing model is not-in general-well-
posed, and hence requires prior information. Therefore, we de-
rive a Bayesian statistical inference framework through the use
of a dedicated hierarchical model [35], [36]. This is afforded
by specifying a prior pdf to and that contains a hyperpa-
rameter vector, whose own prior pdf is fixed. Having dealt with
the issue of identifiability of the parameters, we may reasonably
assume that the mass of the joint posterior pdf is concentrated

about a single dominant mode. Then, the primary objective of
Bayesian probabilistic inference may be focused on character-
izing the location and the extent of the highest posterior density
region.

We propose to learn about the parameters at both levels of
inference by maximizing their joint posterior pdf. Assuming that

and are a priori independent (which means that, in the
absence of data, one cannot predict anything about given
and reciprocally), the chain rule gives

(15)

where the following hold.

• is the joint posterior pdf of , and
a set of mutually independent hyperparameters .
The maximum a posteriori (MAP) estimate of , , ,

and maximizes this quantity.
• is the likelihood of the data given the

model parameters ( and ) and hyperparameter . It is
derived from the assumption of independent identically
distributed (i.i.d.), 0-mean Gaussian noise for

(16)
with being the inverse of the noise variance .

• (respectively, ) is the prior pdf on (re-
spectively, ) conditional on hyperparameter (respec-
tively, ) (see Sections III-A and III-B).

• , and refer to a level of higher inference,
and embodie the priors on the hyperparameters them-
selves (see Section III-C).

According to (15), the MAP estimate of , , , and can
be derived by the iterative maximization of the conditional pdf
of each single variable (see Appendix I for convergence proof).
Then, the th iteration of the proposed algorithm can be summa-
rized as follows:

(17)
where denotes the estimate of variable at the th iteration
and assuming a known initial set (see
Section III-D).

A. Temporal Prior

Once the temporal and spatial characteristics of the sources
have been separated, we can introduce specific temporal priors
using explicit constraints on matrix . A first and strong con-
straint lies in the above-mentioned normalization, which en-
ables us to then estimate a unique set of parameters and
(see Section II-C). Let us define the operator such
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that is a vector whose elements are the square
-norm of the time course of each ECD

...

...

Hence the normalization constraint is written as

(18)

Note that depends on . The th row of can be expressed
as

(19)

where denotes the th row of the matrix .
In addition to that strong constraint, we may also introduce

soft temporal constraints through the prior pdf . Since
EEG is known to provide an over-sampled measure of the bio-
electric activity [7], we here propose a temporal smoothness
prior. This is performed by enforcing the second derivative of
the time courses of the ECD to be minimal. Precisely, let us
denote by the discrete second derivative operator of
such that is the vector containing the second
temporal derivative of , as follows:

if
otherwise.

(20)

Our assumed prior is such that behaves as an i.i.d,
0-mean Gaussian random variable

(21)

where is the inverse variance of the temporal second derivative
of .

Taking the constraints for both the normalization and the tem-
poral smoothness into account yields the following prior law on

(22)
where is defined by (19). Then the conditional posterior pdf
of at iteration is derived from (16) and (17). It is expressed
as

(23)

Due to the nonlinearity of the normalization constraint, it
is not possible to derive an analytic expression of the condi-

tional MAP estimate of . We hence use a Newton optimiza-
tion scheme [37] involving a vector series that converges
toward the normalized solution (see Ap-

pendix III for the technical details). At iteration , the nor-
malized MAP estimate is calculated using the following linked
vector series:

(24)

where is the estimated Lagrange parameter vector (cf Ap-
pendix B), is the operator defined at (19) and evaluated
for and

(25)

Note that indicates the unconstrained estimate of . Indeed,
in the absence of the normalization constraint, would corre-
spond to the covariance matrix of the posterior pdf of and
whose eigenvalues would have been translated (regularized) by

. Then, is simply built as the nonconstrained estimate,
perturbed by the application of the constraint correction term

.

B. Spatial Prior

Spatial constraints now concern the time invariant variable
. We here consider a first-order Markov random field to intro-

duce specific spatial priors on the source spatial extent. More
precisely, the prior assumption is such that coefficient for
dipole can be approximated by the mean of the coefficients

in the first-order neighborhood of dipole

(26)

where is the number of elements of the set , is
such that is the prior covariance matrix of and
the matrix is given by

if
otherwise

(27)

It is then straightforward to derive the following Gaussian spa-
tial prior law on :

(28)

Then using (16) and (17) yields the conditional posterior pdf
of at the th iteration

(29)
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where is defined by (13). Finally, the analytic expression of
the corresponding conditional MAP estimate is given by

(30)

C. Estimating the Hyperparameters

The hyperparameters are also updated at each iteration by
maximizing their conditional posterior pdf. We here consider
an empirical Bayesian estimation based on both the likelihood
of the model and specific prior laws.

Since all the hyperparameters should be positive, we consider
Gamma laws as pdf priors, where the shape parameter

remains constant over hyperparameters.
We first need to specify the prior pdf of the inverse

noise variance . Let be a data matrix that only
contains background noise.1 Using the previous definition of the
likelihood and an initial Jeffrey’s prior law on (principle of
scale parameter equivalence [38]), it can be shown that the initial
posterior pdf of is an inverse Gamma law whose parameters
are

(31)

By definition, these are also the parameters of the corresponding
Gamma law of . In the BASTA estimation framework, we,
therefore, define the prior pdf of using those pre-estimated
parameters.2

Regarding the two other hyperparameters, we a priori en-
force a balance weighting of the likelihood and the regulariza-
tion terms in the first conditional estimate of and . This sets
the prior expectation of these hyperparameters and hence yields
the following estimate of parameter (respectively, ) of the
Gamma prior pdf associated with (respectively, )

(32)

Then, using (16), (17), (22), (28), and assuming that does
satisfy the normalization constraint, the conditional posterior
pdf of the three hyperparameters are given by

(33)

1Note thatM could even be approximated by the prestimulus data of the
considered data time window.

2The further refinement of � can be seen as a learning algorithm that updates
our knowledge of the system.

Finally, the corresponding conditional MAP estimates are
given by

(34)

D. Initialization

We initialized at iteration 0 in the least informative way,
i.e., each ECD time course is flat: .

being defined (and normalized), the next step consists of
estimating knowing . Finally, we set the initial value
of each hyperparameter to its prior expectation.

E. Assessing the Uncertainty of the MAP Estimates

Once the mode of the posterior pdf has been derived, one may
be concerned in quantifying the uncertainty associated to this
point estimate of the model parameters. For jointly distributed
Gaussian variables, the posterior covariance matrix contains all
information required to build some inference. Therefore, we
chose to use the Laplace approximation of the joint pdf, since it
provides us with a fair estimation of the joint covariance matrix
of . The derivation of the approximated joint covariance
matrix using Laplace’s method is given in Appendix II.

IV. SIMULATION AND EVALUATION PROCEDURES

Numerical Monte-Carlo simulations were performed in order
to evaluate the proposed approach and to compare it with the
following three well-known inverse estimators.

• LORETA [15]’s solution minimizes a smoothness crite-
rion (minimum Laplacian field) under the constraint

. Its analytical expression is

(35)

where is the pseudo-inverse operator and is a dis-
crete Laplacian estimator (constrained onto the three-di-
mensional (3-D) cortical surface, then the method is also
referred to as cLORETA [25])

if
otherwise

(36)

where is the Euclidian distance between dipole
and dipole .

• The MN method’s solution is the one that fits the data
best under the constraint of a minimized -norm [14].
Its analytic expression is

(37)

where is evaluated using the L-curve heuristic [16],
[39].
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• The WMN, which is a variant of the MN method, com-
pensates the bias of deep sources MN estimates using the
following weighting procedure [14]:

(38)

where is a diagonal matrix such that ,
and is evaluated using the L-curve heuristic.

A. Monte-Carlo Simulations

Since the EEG sources are widely believed to be restricted to
the pyramidal neuron cells of the cortical strip [1], a common ap-
proach within the distributed model framework consists of con-
straining the dipoles to be distributed onto the cortical surface
extracted from a structural magnetic resonance imaging (MRI)
volume [13]. Following the segmentation of the MRI volume,
dipoles are typically located at each node of a triangular mesh
of the white/grey matter interface [40]. Furthermore, since the
apical dendrites of these cortical neurons are organized perpen-
dicularly to the surface, the corresponding dipoles are often con-
strained to have this particular orientation.

To simulate EEG data on 59 sensors uniformly distributed
over the scalp, we considered a 3-D cortical mesh made of
3050 vertices uniformly spread over the two hemispheres.
The corresponding forward operator was computed based
on a three-sphere analytic model provided by the BrainStorm
software [41]. The corresponding simulated data were gener-
ated using the forward operator . Then, a zero-mean, i.i.d.
and Gaussian noise was added in order to produce the final
simulated measures.

We ran two series of simulations, dedicated to evaluate the
influence of the noise level ( -series), and the number of
active sources ( -series), respectively.

• -series: four levels of SNRs were considered
( ,3,5,10). The SNR was defined as the
variance ratio , where and
are the variance of the induced signal without noise,
and of the noise, respectively. For each level,
40 situations were simulated. For each simulation, two
extended sources (around 2.5 each) were randomly
chosen from the whole cortical surface. Each source
had a half-sine time course, with a temporal offset of

, where is the index of the source
( ,2) and is the period of its sine time course.

• -series: five numbers of active sources were considered
( , 2, 3, 4, 5). In these series, the SNR was set
to . For each number of active sources ,
40 situations were simulated. For each simulation, the
extended sources (around 2.5 each) were randomly
chosen from the whole cortical surface. Each source had a
half-sine time course, with a temporal offset of

, where is the index of the source
and is the period of its sine time course.

In all simulations, the active sources were chosen without con-
sidering the cortical patches, i.e., they might (or not) coincide
with the cortical parcelling underlying the extended source
mixing model. The Fig. 1 is depicts an illustrative example of a
simulation configuration with and .

Fig. 1. Illustrative example of the simulation framework. Two activity sources
(a) were simulated, with sine-like time courses (b), shifted by a quarter period.
The corresponding simulated scalp data (c) had a signal-to-noise ratio (SNR)
of 5. The right side of the figure show the temporal invariant map w (d),
the reconstructed time courses of the extended sources [(e) (in bold) the two
activated clusters] and (f) the parcelling C, which is graphically depicted
by associating the same random color to all dipoles belonging to each of the
cortical clusters. Note thatw is an efficient estimate of the spatial profile of the
simulated sources, in terms of both localization and spatial extent estimation.
Moreover, the estimates of the time courses of the clusters corresponding
to the activated extended areas identified using the w map perfectly match
the simulated temporal dynamics. Las but not least, the spatio-temporal
decomposition of BASTA provide an intuitive and accurate way of interpreting
and visualizing the sources.

B. Quantitative Evaluation Metrics

Let denote the true simulated time courses of the elemen-
tary dipoles of the DL model and a given estimate of . We
considered the following evaluation metrics in order to evaluate
and compare the performance of the four inverse estimators.

1) The topological distance (TD) between the center of mass
of a simulated source and the corresponding local max-
imum of the reconstructed source distribution. For each
simulated area, TD was estimated by considering the time
sample where the simulated source amplitude was max-
imum. In the following, we denote by TD the mean topo-
logical distance over the two simulated sources for each
synthetic data set. It quantifies the localization error. In
the results section, TD is given in meters.

2) Area Under the receiver operating characteristic (ROC)
Curve (AUC): for each simulation, a ROC analysis was
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Fig. 2. Boxplot representations of the observed distributions of AUC for
the SNR-series of Monte-Carlo simulations. The noise level were: (a)
SNR = 1:3, (b) SNR = 3, (c) SNR = 5, and (d) SNR = 10. In each
subplot, the reconstructions algorithms are, from left to right: BASTA, WMN,
MN, LORETA. Boxplot representations show the median, first and third
quantiles and minimum/maximum values of the empirical distribution (apart
from possible outliers depicted as single points).

performed, comparing the cortical binary mask corre-
sponding to the simulated areas and the map defined
as

(39)

AUC: is the probability to correctly classify an elemen-
tary dipole (either as activated or as inactivated). We refer
the interested reader to [42] and [43] for details. Note that
this index provides an accurate evaluation of the spatial
behavior of an estimator (localization and extent estima-
tion).

For each Monte-Carlo simulation, the two accuracy metrics
were calculated for the four reconstruction methods. An anal-
ysis of variance (ANOVA) was then computed, comprising an
F-test assessing the presence of a global effect of the reconstruc-
tion method, and subsequent T-tests for pairwise comparisons3

(significance level: ).

V. RESULTS

For each simulations series, results of the ANOVA (boxplots4

of the distribution of the accuracy metric for each method, value
of the global F-test p-value, T-statistic, and p-values of pairwise
comparisons) are given.

• SNR-Series: Figs. 2 and 3 show boxplot diagrams (40 sim-
ulations for each) for every signal-to-noise level (

,3,5,10) of the area under the ROC curve (AUC) and of
the TD, respectively. Table I (respectively, Table II) shows
the results of the ANOVA comparing the reconstructions

3The F-test showed in all series of simulations a significant effect of the re-
construction method.

4Boxplot representations show the median, first and third quantiles and min-
imum/maximum values of the empirical distribution (apart from possible out-
liers depicted as single points).

Fig. 3. Boxplot representations of the observed distributions of TD for
the SNR-series of Monte-Carlo simulations. The noise level were: (a)
SNR = 1:3, (b) SNR = 3, (c) SNR = 5, and (d) SNR = 10. In each
subplot, the reconstructions algorithms are, from left to right: BASTA, WMN,
MN, LORETA. TD is given in meters. For details on boxplot representation,
see Fig. 2.

approaches through the AUC index (respectively, the TD
index).

Regarding the AUC index, the only case where BASTA
did not perform significantly better than the three other
methods was at the lowest level, with the MN
method [see Table I(a)]. However, the boxplot distri-
butions show a clear behavioral gap between the two
methods [see Fig. 3(a)]. Otherwise, MN and WMN
outperformed LORETA, but were generally not signifi-
cantly contrasted. As for the TD index, BASTA did not
behave significantly better than WMN for levels

and . According to that metric,
LORETA behaved generally significantly better than
MN, and significantly worse than WMN. Since the latter
was not the second more efficient method regarding the
AUC index, this may reflect an accuracy in localization
associated to a poor capability of WMN to estimate
spatial extents. In any case, no method was identified
as at least not significantly different from BASTA with
regards to both accuracy metrics.

• NS-Series: Figs. 4 and 5 show boxplot diagrams (40 simu-
lations for each) for all numbers of active sources (

,2,3,4,5) of the area under the ROC curve (AUC) and
of the TD, respectively. Table III (respectively, Table IV)
shows the results of the ANOVA comparing the recon-
structions approaches through the AUC index (respec-
tively, the TD index).

The AUC value obtained for BASTA was significantly
higher than that obtained for all other methods (see
Table III and Fig. 4). For all four values, the AUC
value was significantly higher for MN than for WMN.
Moreover, LORETA behaved generally worse than all
three other methods. Both remarks are coherent with
the results obtained for the -series. As for the TD
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TABLE I
ANOVA PAIRWISE COMPARISONS OF AUC FOR THE SNR-SERIES OF MONTE-CARLO SIMULATIONS. THE NOISE LEVELS WERE: (a) SNR = 1:3, (b) SNR = 3,

(c) SNR = 5, AND (d) SNR = 10. THE CORRESPONDING p-VALUES FOR THE GLOBAL F-TEST OF THE ANOVA WERE: p = 2:1e , p = 1:47e ,
p = 1:5e , AND p = 2:5e , RESPECTIVELY, i.e., ALL GLOBAL F-TEST SHOWED A SIGNIFICANT EFFECT OF THE RECONSTRUCTION APPROACH. IN EACH

SUBTABLE, EACH (i,j) ENTRY SHOWS THE T-STATISTIC (p-VALUE) RESULTING FROM THE PAIRWISE COMPARISON OF METHOD j MINUS METHOD i

TABLE II
ANOVA PAIRWISE COMPARISONS OF TD FOR THE SNR-SERIES OF MONTE-CARLO SIMULATIONS. THE NOISE LEVELS WERE: (a) SNR = 1:3, (b) SNR = 3, (c)
SNR = 5, AND (d) SNR = 10. THE CORRESPONDING p-VALUES FOR THE GLOBAL F-TEST OF THE ANOVA WERE: p = 1:8e , p = 5:3e , p = 3:3e ,

AND p = 1:1e , RESPECTIVELY, i.e., ALL GLOBAL F-TEST SHOWED A SIGNIFICANT EFFECT OF THE RECONSTRUCTION APPROACH. IN EACH SUBTABLE, EACH

(i,j) ENTRY SHOWS THE T-STATISTIC (p-VALUE) RESULTING FROM THE PAIRWISE COMPARISON OF METHOD j MINUS METHOD i

Fig. 4. Boxplot representations of the observed distributions of AUC for
the NS-series of Monte-Carlo simulations. The number of simulated sources
were: (a) NS = 1, (b) NS = 3, (c) NS = 4, and (d) NS = 5. The case
NS = 2 is shown on the SNR-series figure, in the subplot showing the series
corresponding to SNR = 1:3 [Fig. 2(a)]. In each subplot, the reconstructions
algorithms are, from left to right: BASTA, WMN, MN, LORETA. For details
on boxplot representation, see Fig. 2.

index, BASTA outperformed significantly all methods in
all cases (see Table IV and Fig. 3), except WMN for the

case, despite the clear gap shown in Fig. 5(a).
Moreover, WMN had a significantly better TD than MN,
which was in turn generally significantly better than that

Fig. 5. Boxplot representations of the observed distributions of TD for the
NS-series of Monte-Carlo simulations. The number of simulated sources
were: (a) NS = 1, (b) NS = 3, (c) NS = 4, and (d) NS = 5. The case
NS = 2 is shown on the SNR-series figure, in the subplot showing the series
corresponding to SNR = 1:3 [Fig. 3(a)]. In each subplot, the reconstructions
algorithms are, from left to right: BASTA, WMN, MN, LORETA. TD is given
in m. For details on boxplot representation, see Fig. 2.

of LORETA. Again, in those series, no method was iden-
tified as at least not significantly different from BASTA
with regards to both accuracy metrics.

Briefly, forall theseseriesof simulations,BASTAgave thebest
results, i.e., the meansand medians ofboth accuracy metrics were
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TABLE III
ANOVA PAIRWISE COMPARISONS OF AUC FOR THE NS-SERIES OF MONTE-CARLO SIMULATIONS. THE NUMBER OF SIMULATED SOURCES WERE: (a) NS = 1, (b)

NS = 3, (c) NS = 4, AND (d) NS = 5. THE CORRESPONDING p-VALUES FOR THE GLOBAL F-TEST OF THE ANOVA WERE: p = 5:0e , p = 3:0e ,
p = 9:2e , AND p = 1:2e , RESPECTIVELY, i.e., ALL GLOBAL F-TEST SHOWED A SIGNIFICANT EFFECT OF THE RECONSTRUCTION APPROACH. IN EACH

SUBTABLE, EACH (i,j) ENTRY SHOWS THE T-STATISTIC (p-VALUE) RESULTING FROM THE PAIRWISE COMPARISON OF METHOD j MINUS METHOD i

TABLE IV
ANOVA PAIRWISE COMPARISONS OF TD FOR THE NS-SERIES OF MONTE-CARLO SIMULATIONS. THE NUMBER OF SIMULATED SOURCES WERE: (a) NS = 1, (b)
NS = 3, (c) NS = 4, AND (d) NS = 5. THE CORRESPONDING p-VALUES FOR THE GLOBAL F-TEST OF THE ANOVA WERE: p = 1:7e , p = 1:2e , p = 0,
AND p = 2:2e , RESPECTIVELY, i.e., ALL GLOBAL F-TEST SHOWED A SIGNIFICANT EFFECT OF THE RECONSTRUCTION APPROACH. IN EACH SUBTABLE, EACH

(i,j) ENTRY SHOWS THE T-STATISTIC (p-VALUE) RESULTING FROM THE PAIRWISE COMPARISON OF METHOD j MINUS METHOD i

in any case better than those of the other approaches. Moreover,
except for four pairwise comparisons (see underlined p-values
in the results tables), BASTA behaved significantly better than
the other approaches. However, part of the observed distributions
showed a significant tail: some simulated source configurations
were too hard to recover correctly, whatever the method used.

VI. DISCUSSION

The localization of EEG/MEG activity source has been in-
tensively studied during the past two decades along two direc-
tions: ECD and DL modeling. Those two approaches have their
own drawbacks, but they can be combined using a cortical par-
celling, leading to a new and accurate hybrid approach; namely,
an extended source mixing model. Under both specific and re-
alistic underlying assumptions (temporal coherence for ECD;
prior cortical restriction for DL), we propose a new decom-
position of the activity sources by separating the information
to be restored into temporally and spatially specific quantities.
Consequently, the source estimation benefits from both advan-
tages of the two techniques: few estimated parameters for ECD
(by taking a sufficiently wide data window, the problem could
even—as for ECD models—become over-determined), and fine
anatomical description for distributed modeling (allowing an ac-
curate estimation of the spatial extent of the sources). More-
over, distinct temporal and spatial prior information about the
sources can be flexibly introduced through the Bayesian frame-
work. Indeed, associated to a dedicated hierarchical data genera-
tive model, Bayesian inference mechanics allows us to estimate
from the data both the parameters and the hyperparameters of

the model. Moreover, we derived the Laplace approximation of
the posterior covariance matrix of the model parameters. This
provides us with a reliable tool to assess the significance of the
MAP estimates using any statistical hypothesis testing strategy.

The main contribution of this work is the spatio-temporal de-
composition of the source parameters, as a corollary of the ex-
tended source mixing model. This model relies upon a strong
hypothesis: the true active areas are understood as clusters of el-
ementary dipoles that are highly temporally correlated. In fact,
we assume that their relative amplitude strictly does not change
with time. This assumption leads us to define two quantities to
be estimated: the temporal invariant map (which represents
the spatial profile of the active areas) and the temporal dynamics
embodied in matrix (which describes the extended source
time courses). Such a model has the following implications.

1) The spatial profile of the sources is estimated using the
entire data window. By selecting a wide enough data
window, the problem may even become over-determined
as for ECD models.

2) When estimating the spatial profile of the active
sources, the linear dependence between the columns of

is partially lifted by the introduction of a time course
contrast between dipoles belonging to different patches
in the matrix . Naturally, within a patch one cannot
overcome the ill-conditioning of the gain matrix, and the
inverse problem remains ill-posed. However, enforcing
the spatial structure to be time invariant provides a natural
and efficient regularization process.

3) The two variables and provide an easy and accurate
way of interpreting and visualizing the sources. Moreover,
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specific spatial and temporal constraints can be introduced
in their estimation, leading to realistic estimates of the
sources. Many other priors could be here considered. For
instance, the use of statistical interdependence constraints
on the extended sources should be further investigated.

4) The spatio-temporal decomposition of the sources could
provide a particularly suitable framework for data fusion.
Forinstance, thestatisticalparametricmap(SPM)provided
byclassical fMRIdataanalysis is time invariantandreflects
the spatial profile of activation. Under the assumption that
the same cortical network explains both the EEG/MEG and
the fMRI data, one could, therefore, use fMRI SPMs as soft
and controlled constraints on the spatial variable [44].
Moreover, the time invariant map of activation could
even be estimated using both the EEG/MEG and the fMRI
data sets, without overweighting one of them, which is a
well-balanced data fusion procedure.

5) As for the dimensionality of the problem, let us consider
the range of admissible numbers of extended sources and
time samples. If , a unique time course is relevant
to explain the temporal variability of the data. In the ab-
sence of noise, the different time samples are, thus, col-
inear. Therefore, if , the (only) gain of the extended
source mixing model is about noise robustness (we are
looking for the data structure that is time invariant). At
the opposite, if (the number of the DL elementary
dipoles), the model is nothing but the original distributed
model. Hence, a kind of optimal should be estimated or
picked up using heuristic considerations. In order to en-
sure a well-conditioned estimation of the matrix , has
to be smaller than the number of sensors . For instance,
could be estimated using preprocessing data analysis, like
ICA [45], [46] or MUSIC [47], [48] algorithms.

We also assume noise stationarity in the definition of the
data likelihood. This assumption becomes questionable for
a “long” period of time: cannot be as large as we would
like to. On the other hand, we need sufficient statistics in
order to estimate the temporal invariant map (accurate
in case of equality between the number of parameters to
be estimated and the available data). This leads to a lower
bound for the size of the data window: .

For instance, we used the entire simulated data (50 time sam-
ples) and about thirty patches for the cortical parcelling.

Last but not least, in contrast to classical regularization tech-
niques (see [39], [49]),we propose a simple and flexible Bayesian
estimationofthemodelhyperparameters .Notehowever
that we keep constant the number of extended sources, omitting
it in the posterior pdf. Despite the fact that a reasonable tuning
of this hyperparameter did not seem to have a significant influ-
ence on the estimation (as long as different active areas do not
belong to the same patch), this higher inference level may be in-
corporated in the chain rule, in order to take this uncertainty into
account. Indeed, since decreasing the patches number is equiva-
lent to increasing theirmeansize, thecoupling ofourmethodwith
aBayesian integrationprocedure (see [35]andspecially [25] fora
close application) over the different spatial -scales could lead to
an interesting multiresolution framework. Of course, this would
considerably increase the computation time of the algorithm and

the benefit of such a refinement of our approach has to be further
investigated.

APPENDIX I
CONVERGENCE OF THE ESTIMATION ALGORITHM

Searching the MAP estimates of , , , and means
maximizing their joint posterior pdf. Now, the extended source
mixing model is a bilinear equation of the parameters. It is,
therefore, not straightforward to maximize the joint posterior
pdf (because of the data likelihood term). Hence, we will use
an additional consideration. Let us write:

. Then, for any two sets of parameters
and we have

Hence, starting from an initial guess ,
we are guaranteed to increase the joint posterior pdf

evaluated at if
we can find any value of the parameter such that

. In other
words, increasing the posterior pdf of a given variable con-
ditional on the others increases their joint posterior pdf. This
allows to define our iterative maximization algorithm of the
joint posterior pdf as a split-step conditional MAP estimation.
This defines a fix point algorithm, meaning that the joint pos-
terior pdf is monotonically increasing during the successive
iterations. However, strict global optimization is ensured only
if the sampled joint posterior pdf is monomodal.

In our simulations, the convergence criterion of
the iterative conditional pdf maximization was
set as: , where

.

APPENDIX II
LAPLACE APPROXIMATION OF THE JOINT COVARIANCE MATRIX

In this section, we derive a method dedicated to approximate
the joint posterior distribution of and in order to derive their
joint covariance matrix. Let us write the second order Taylor se-
ries of the joint posterior distribution of in the neighbor-
hood of the mode

knowing that the Hessian matrix has the following expres-
sion:

(40)
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where is a matrix such that

. . . (41)

The bloc diagonal of the Hessian correspond to the con-
ditional (marginal) posterior inverse covariance matrices of

and . The (symmetrical) off-diagonal terms relate to
the structure of their (mutual) covariance, which has not been
taken into account during the alternate conditional maximiza-
tion algorithm.

The subsequent so-called Laplace approximation [50] states
that the joint posterior pdf may be replaced by a Gaussian den-
sity with covariance matrix equal to minus the inverse of the
Hessian matrix

(42)

This approximation can be used in order to build some infer-
ence about and/or . For example, one may easily rely on
this Gaussian form of the joint posterior pdf to assess the sig-
nificance of the MAP parameter estimates using any statistical
hypothesis testing strategy.

APPENDIX III
MAP estimate of time variable

This appendix describes the technical details relative to the
derivation of the conditional MAP estimate of , using a
Lagrange multiplier approach in order to enforce the normal-
ization constraint. For the sake of clarity, we here omit the
index of BASTA iterations in the description of the following
iterative optimization method. Given the mixing matrix ,
the conditional MAP estimation of can be expressed as a
constrained minimization

(43)

where

(44)
This problem is usefully rewritten thanks to the Lagrange
equations

(45)

where the Lagrangian function is defined as

(46)

being the vector of Lagrange parameters that is to be
quantified in order to make the MAP estimate exactly satisfy
the normalization constraint. Newton’s method [37] consists
of linearizing (45) in the neighborhood of a point ,
and defining as the solution of the following
resulting system of linear equations:

(47)
where . This
system is rewritten in a matrix form as

(48)

In order to solve it, we need the expressions of the gradients
and Hessians in our particular case

(49)

where stands for evaluated at .
Hence, the solution of the system (48) is unique and expressed

as

(50)

with a partitioned full rank matrix and
a vector such that (51), shown at the bottom

of the page, holds where
is a full rank matrix. Now, note that we

can rewrite the inverse of the matrix as

(52)
where is such that

. Then, reordering the different terms

(51)
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of the equation system (50), and noting that
, finally yields

(53)
where we denoted: . These
two linked vector series are computed iteratively until a stable
point is reached, hence providing the conditional estimate of
under the normalization constraint. Note that the seed estimate
of (say ) is derived by normalizing afterwards the non
constrained estimate of . For the Lagrange multipliers vector
initialization, we simply used the null vector: .
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