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Bayesian Nonstationary Autoregressive Models for
Biomedical Signal Analysis

Michael J. Cassidy* and William D. Penny

Abstract—We describe a variational Bayesian algorithm In Section Ill, we describe the key principles behind the
for the estimation of a multivariate autoregressive model with VB approach. In Section IV, we show how to apply VB to
time-varying coefficients that adapt according to a linear dynam- nonstationary MAR models and derive a set of update rules
ical system. The algorithm allows for time and frequency domain . o ;
characterization of nonstationary multivariate signals and is which are G ge_ne_rallgatlon of Shu_mway ar]d Stof_fers [5]
especially suited to the analysis of event-related data. Results €Xpectation-maximization (EM) algorithm for time-series anal-
are presented on synthetic data and real electroencephalogram ysis. In Section V, we apply our algorithm to some synthetic
data recorded in event-related desynchronization and photic data and also to electroencephalogram (EEG) data obtained
synchronization scenarios. from two different experimental scenarios. The first is a photic

Index Terms—Autoregressive modeling, Bayesian, Kalman synchronization experiment, in which the EEG activity can be

smoother, variational Bayes. forced into synchrony with a strobe light flashing at frequencies
close to the resting alpha state. The second example presents
I. INTRODUCTION results from an event-related desynchronization (ERD) exper-

] ) ) iment. ERD describes the phenomenon where just before a

WE present an algorithm for modeling nonstationarys|yntary movement takes place, the spectral power drops in
V' multivariate time series and apply it to the analysighe EEG recorded over the motor cortex in the alpha frequency

of biomedical signals. The model consists of a multivariaigang. These two scenarios provide data with well documented

autoregressive (MAR) process with time-varying coefficientsyysiological changes that are suitable for study with our
that adapt according to a linear dynamical system (LDSjigorithm.

While such a model is not new, the contribution of this paper
is to present a fully Bayesian implementation which allows us
to retain the full generality of the approach while deriving a
practical algorithm. In what follows, the notationV, G and W refer to the
The implementation has been made possible by the ad@russian, Gamma, and Wishart probability densities which,
tion of the “variational Bayesian (VB)” framework [1]. Thisfor convenience, are defined in Appendix.
paper represents a further step in the development of Bayesia®@ur model is a linear dynamical system f6rd-variate ob-
signal processing algorithms where we have, so far, applied \éBrvations and a latent-space of dimensioThe state-space
to stationary MAR models [2] and univariate Gaussian [3] aretjuations are
Non-Gaussian [4] AR models.
In Section Il, we describe our basic time series model. Other Try1 =Az +wy
authors have also developed algorithms for VB learning applied yr =Chxy + 14 (1)
to linear dynamical systems, so we contrast our model with the
one derived in [15], where a general class of conjugate-expondéfherep(w) = N(0,Q71), p(v) = N(0,R™1), and@ and
tial models were considered with the linear state-space modgRre precision (inverse covariance) matrices. The variahles
emerging as a special case. One purpose of this paper is todi§ state variables ang the observations. They are vectors of
and bridge the gap between the specialized signal procesdiigensiont x 1 andd x 1, respectively.
community and the experimental scientists who could find manyA common way of writing the MAR(p) process expresses the
useful applications of these new theoretical ideas. The nondgfm Ciz: as . _, A,y:—., Where A, are the MAR coeffi-
tionary MAR model is of particular interest in this respect dugients at lag: (not to be confused with the state transition ma-
to the strong physical interpretation of its model parameters.trix A) andp is the “order” of the model. If one concatenates the
coefficient matricesi,, in a row to form ad x (p x d) matrix.A,
_ _ _ _ one can then stack the columns4f to form thek x 1 vector
Manuscript received April 3, 2001; revised May 28, 2002. The work of M. T . .
Cassidy was supported in part through an MRC nonclinical research trainﬁqg = VeC(A )’ where vec denotes the StaCkmg operation and
fellowship and in part by SmithKline Beecham. The work of W. Penny wak = pd?. C; is the appropriate lag matrix at timtewhich em-

supported by the Wellcome Trugtsterisk indicates corresponding author.  podies past values of the observatigns, , . .. , y:_,. We have
*M. J. Cassidy is with the Sobell Department of Neurophysiology, Institute of ’ ’ P

Neurology, Queen Square, University College London, London, U.K. (e-mail:

Il. THE NONSTATIONARY MAR M ODEL

_ -1
m.cassidy@ion.ucl.ac.uk). plyelze) =N(Cray, R7) 2
W. D. Penny is with the Wellcome Department of Imaging Neuroscience, In- Tl =N(Azx -1 3
stitute of Neurology, Queen Square, University College London, London, U.K. p( t| t_l) ( t-1,Q ) ( )
Publisher Item Identifier 10.1109/TBME.2002.803511. plz1) =N(p1, 21) 4

0018-9294/02$17.00 © 2002 IEEE

Authorized licensed use limited to: University College London. Downloaded on April 16,2010 at 11:17:21 UTC from IEEE Xplore. Restrictions apply.



CASSIDY AND PENNY: BAYESIAN NONSTATIONARY AR MODELS FOR BIOMEDICAL SIGNAL ANALYSIS 1143

which define the observation model, state transition modalfunction of the previous observations [17]. In this paper, how-
and initial state distributionV (1, 3) denotes a multivariate ever, we retain the independence assumption and leave this pos-
Gaussian with mean and covariancé:. sible extension to future work.

If we knew A, 2, andR then the hidden state variables (MAR The fact that” is constant in [15] allows the authors to set the
coefficients) could be inferred from the preceeding time seristate noise covariance to the identity because arbitrary rescaling
using a Kalman filter [6]. The benefits of Kalman filters oveof this noise can be achieved through changed,t¢’, andR.
least mean squares (LMS) and recursive least squares (RuSpur model, we are not free to absorb rescaling’inso we
algorithms are well known and are demonstrated, for exampieyst infer@. In addition, the authors of [15] constraito be
in [7]. diagonal whereas we keep the observation noise covariance ma-

Now, in this paper we concern ourselves, not with real-tinfeix unconstrained. These differences prevent an easy translation
processing of signals, but with the retrospective analysis of dé@fween the results of [15] and those presented here. Neverthe-
sets that have already been collected. For this reason, we canlesg, the reader is advised to refer to [15] and the companion
both preceeding and succeeding time series samples for spaper [16] for more details on VB learning in linear Gaussian
estimation. This leads to the Kalman smoother [8]. state-space models.

In practice, however, we do not knaw, ), andR and so, in )
the engineering literature, these matrices are either set to afbi-Priors
trary values or variouad-hodsuboptimal procedures are used In this section, we describe the priors used in our model.
for their estimation. In the statistics literature, however, it hasirstly, we place a Gaussian prior on the state transition matrix
long been known that these matrices can be learned using an . 112
EM algorithm [5]. In the E-step, the hidden variables are esti- p(vec(A)la) = N(vec(I[k]), e I[k7]). ()
mated using a Kalman smoother and, in the M-step,4h®, Here, I represents the identity matrix and the Gaussian den-
and R matrices are updated. The E and M steps are iteratedssy V(1 ) is defined in Appendix (45). Therefore, in the ab-
as to maximize the likelihood of the data. sence of evidence to the contrary, the state transition is inferred

A problem with the EM approach, however, is that like allo be equal to the identity matrix implying that there is no deter-
maximum-likelihood (ML) methods it is sensitive to overfitting Ministic evolution of the state. The quantityis the prior pre-

For nonstationary models of the type, we are considering the §itsion of the state-transition elements. We then place a Gamma
uation is particularly acute as we have many model parameté¥ge (47)) (hyper) prior on the precision

(MAR matrices atachtime point, state transition and noise ma- pla) = G(by,cp). (6)
trices etc.) and may often have few data points (i.e., short-tim

series). This has prevented a wider application of the EM Ve make this “uninformative” (i.e., broad) by using the settings

gorithm in this context. In this paper, however, we show how b, =1000
overfitting can be prevented using a Bayesian approach; priors ¢, =0.001. 7)
over parameters act as regularizers and so prevent overfittripcgr . . . -
(see e.g., [9] for a treatment of Bayesian methods in signal pfc> the state noise and observation noise precisions, one can use
cessing). p(Q) =Whi(ap, Dp)
In Bayesian learning, one is generally interested in calcu- p(R) =Wa(r,, B,) (8)

lating the evidence of various models. To calculate the evidenc _ . . .

one just multiplies the model likelihood by the priors, and theWﬁereWN(a’ B) is a Wishart density (see (49)). In_ t.hls baper,

integrates over the parameters. In some cases, this integral ngyyever, we seg, = r, = 0andD, = B, = 0 giving the

be solved analytically, but when the evidence integral is anAIProper priors

lytically intractable one has to resort to approximation tech- p(Q) x|Q|~*+/2

niques. The VB approach is one such technique and as was p(R) |R|~@+1/2, (9)

mentioned earlier, has been applied to the linear Gaussian st he- - L

space model in [15]. The model presented here differs from tﬁ e overall joint density is

model presented in [15] in a number of respects, which we now )

discuss. p(S,D,e) = Hp(yt|xtaR)
The first point to note is that we have a constraidgdma- =1

trix because the elements 6f are determined by the previous

values of the time series in the manner described above. In [15],

this matrix is constant and unconstrained (i@.,= C). The

MAR model, therefore, shows a dependency betwgeand )
the previous valug;_; which is not present in the standar ariables and denotes the model parametefsQ, R, anda.

state-space model. In this paper, we make the assumption t I%}? overall proba_bilistic model is shown in Fig. 1, which indi-
these variables are actually independent, an assumption thatFag> dependencies between the different variables.

been made in previous ML nonstationary MAR algorithms [7],
[19]. During the review process, it has been brought to our at-
tention that the estimation equations of the Kalman filter can The central quantity of interest in Bayesian learning is the
also be designed for state-space models where the ndatisx  posterior distributiorp(6, S|D). This implies estimation both

x [ I p@elzi—)p(z)p(Al)p(c)p(Q)p(R),  (10)

whereD = {4} denotes the dat&, = {z, } denotes the hidden

I1l. V ARIATIONAL BAYES
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The aim of VB-learning is to maximizé" and so make the
o Q approximate posterior as close as possible to the true posterior.
To obtain a practical learninig algorithm we must also ensure

that the integrals if" are tractable. One generic procedure for
attaining this goal is to assume that the approximating density

factorizes over groups of parameters (in physics this is known
@ Xt as the mean-field approximation). Thus, following [11], we con-
sider:
a(6,5|D) = o(S|D) [ a(6:1D) (14)

whered; is theith group of parameters. The distributions which

@ @ \/ maximize " can then, via the calculus of variations, be shown
T to be

=1 to T-1 a(6:|D) = % (15)

Fig. 1. Nonstationary autoregressive model. The autoregressive coefficiepthere

x; are modeled as a linear dynamical system. The precision of the observations . .

is given by and the coefficients evolve deterministically via the transfetm 1(6;) = / q(e\Z |D)q(S|D)log p(D, S|9)d9\ZdS (16)
and stochastically via additive noise with precisi@nEach element oft has

prior precisiork. and6\i denotes all parameter®t in the ith group. A similar
expression exists fai( S| D). Note that, importantly, this means

of the parameter8, the hidden variables and the uncertain- we are able to determine the optimal analytiom of the com-

ties associated with their estimation. In our nonstationary MAﬁbnent posteriors_ This is to be contrasted with, for examp|e,

model, the MAR coefficients:; take the place of the hidden|aplace approximations where we have to arbitrarily fix the

variables and the other variables (state noise and observatigiin of the component posteriors to be Gaussian [9].

noise precision matrices etc.) are considered as parameters. Thghe above principles lead to a set of coupled update rules for

model parameterg and hidden variable$S can all be learned theparameter®f the component posteriors, iterated application

within the VB framework, a full tutorial on which is given in of which leads to the desired maximization. Further, by com-

[1]. In what follows, we describe the key features. puting F for models of different order, we can perform model
Given a probabilistic model of the data, the log of the “eviorder selection (see e.g., [3]), although this is beyond the scope
dence” or “marginal likelihood” can be written as of the present paper. The free energy expression for our model is
derived in Appendix. Updates for the parameters of the hidden
log p(D) =/ (8, SID)logp(D)d9d5 variable posterior are analogous to the E-step in EM learning
p(D.,6,5) and the other updates are analogous to the M-Step.
z/q(9,S|D) log ———-df#dS
p(6,5 |D)
_/ . 5\D) [ q(6, 5|1 D)p(D, 6, 5) S IV. UPDATE RULES
o (8, S|D)q(6, S|D) By plugging in the likelihood and priors for our nonstationary
—F+KIL. (11) AR model (from Section I) into (15), the optimal components

of th roxim rior turn
Here,¢(6, 5| D) is to be considered, for the moment, as an arby- the approximate posterior turn out to be

trary density. We have q(vec(A)) =N (vec(A), A.)
(D 9,5) () =G(b, c)
r= 8,S|D —_2d0dS, 12
/ a(9, 5|D) lo % 4(6,5D) (12) 9(Q) =Wi(q, D)
which is known (to physicists) as the negative variational free (R) =Wy(r, B)
energy and q(e) =N (e, 3t). a7
KI — /q(9 S|D)log q(6,5|D) d0ds (13) Note that, for each component, the form of the approximate pos-
’ p(6,S|D) terior is the same as the prior. In fact, this is no accident, as we
is the K L-divergence [10] between the densitf¢, S|D) and chose the priors so as to achieve this (for a discussion of such
the true posteriop(6, S| D). “conjugate” priors, see [12]). In what follows, we show how

Equation (11) is the fundamental equation of the VB-framdhe parameters of these distributions are updated. We also show
work. Importantly, because thi& L-divergence is always pos-that if we remove the priors we recover Shumway and Stoffer's
itive [10], F' provides a lower bound on the model evidencdLEM algorithm [5].

Moreover, because th& L-divergence is zero when the two

densities are the same, will become equal to the model ev-A- E-Step

idence whemy(6, S|D) is equal to the true posterior. For this In this step, we update our distribution over hidden vari-
reasong(f, S| D) can be viewed as approximate posterior ablesz; and z; using a modified smoothing algorithm. As
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emphasized in [15], the only difference between VB-Kalmahhe second term i# is the average observed covariance that is
smoothing and the standard Kalman smoothing algorithnot explained by x;. This is identical to the VB update for the
is the use of expectations instead of point estimates (d.g.,noise precision in a stationary MAR model (see [2, Eq. (28)]).
instead ofA). A lengthy derivation of the variational Kalman 2) Update forA: The update for the state-transformation
smoother relations is presented in [16], so are not re-presentealrix A, whereg(vec(A)) = A (vec(A4), A.) is given by

here. Here we only note that the modified Kalman smoothing T

algorithm requires computation of expectation terms of the Al = <Z Mt_1> ® Q + al[k?

form E [AXAT], where X is some matrix. Although these

t=2
expectations are relatively straightforward to evaluate, they are ~ T
computationally intensive, and especially so for models with vec(A) =Agvec <Q2Mm_1 + aI[k]> (22)
high MAR model order. We, therefore, use the approximation t=2
_ whereM, andM, ., are intermediate quantities obtained from
E [AXAT] ~ AXAT (18)  the E-step and defined in (36). Fer= 0, the@s cancel, leaving
which gives qualitatively similar results and is much quicker B T T -t
to compute. As a result our E step is identical in form to the Amr = <Z Mt,tl) <Z Mtl) (23)
traditional Kalman smoother. For convenience, these recursions t=2 t=2

are given in Appendix. The computational complexity of thwhich is identical to the ML update (see [13, Eq. (18)]).
E-step is, therefore, comparable with that of the standard3) Update for): The update for the state precision matrix

Kalman smoother. Q whereq(QQ) = Wi(q, D) is given by
qg=¢pp+7T -1
B. M-Step T
We now present the results of the VB M step of our algorithm. D =D, + Z [Mt —AM, 14 — Mt,tflA’ZlT
For clarity, we include a detailed derivation of the update for =2
R. We only present final results for the other updates, as the + AM, 1 AT + f(M,_1)]
procedure for derivation is identical in each case. Q =¢D™. (24)

1) Update forR: Equations (15) and (16) give the gener

procedure for updating parameters. Applied to the observataitﬂe quantltyf(Mt_ll) anses .beciause the functpnal to be op-
noise precision matrif, they give timized (as a functional of)) in this M step contains the term

tr ((M:—1 ® Q)A.), which comes from integrating over. One

q(R|D) x exp[I(R)] (19) wants to be able to factorise o@twithin the trace, which can
be done by decomposing. as a sum of tensor products. If one
where writes
) T
MR =3 / a(a) log (|, R) + log p(R)] ey Ao =D simind (3)
t=1 [
ET: / () wheres; andu; are eigenvalues and eigenvectorsiof one has
= x
— e w; =vec(U;)
1 T . .
x [_5(.% — Ciwe)” Ry —¢ @) —vec Z il ® m?T
(T —d-1) } J
4+—“log|R ; ;
5 oslAl =Y cig o, (26)
(T -d-1) log | R j
- 2 og | K] whereU; are(k x k) matrices formed from; and¢, » are the
1 T vectors obtained by a singular value decompositio/oBy
—5hr Z(yt — Cope)(yr — Cope)™ substituting forA. in the trace term, one can show that
t=1 . P
f(My 1) = Z sicijcny My_1m&il;". (27)
+ CtEtC’tT R}. (20) ijk
It is also possible to show that
The required density is, therefore, in the form of a Wishad M1+ = AprpMe—1 4+ My 1A%,
q(R|D) = Wa(r, B), where — Ay M1 Afyp. (28)
r=r,+T We can remove the priors by settinfg = 0 giving
T T
_ 1 _
B =B, + ;(yt — Cypir)(yr — Cope)” + C 5, CF Quvir = 71 ; (M — A My ) (29)
R=rB71. (21) which is identical to the ML update (see [13, Eq. (20)]).
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4) Update fora: The update for the precision of the state
transformation matrixx, whereg(«) = G(b, ¢), is given by

k2 0.8
Cc=cCp,+ B}
11 + 1 (A — I[k])  vec(A — I[k]) + 7 (30)
b _bp 2V(%C vec 2 %0.6’
c

wherey = tr(4.). While we could derive VB updates for 8
pu1 and X4, this would have little overall effect on the solu-® g 4}
tion. These parameters are, therefore, currently fixed to their
values.

0.2

C. Practical Issues

To initialize the algorithm we run the data set through one i =
eration of EM [5]. We then update the parameters of the appro 0 10 20 30 40
mate posterior (see beginning of Section IV), i.e., the paramet
randB using (21),4 and A, using (22) 4 andD using (24) and
b andc using (30). We then update the estimates of the MAR ¢
efficients using the modified Kalman smoothing algorithm de

scribed in Section IV-A. These pseudo E and M steps are th 0.8

iterated. The progress of the learning algorithm is monitored | e
computing the negative free enerdy, (see the Appendix) and Al T
the algorithm is deemed to convergefifchanges by less than§ ' -f’

0.01%. 8
The computational complexity of the M-step is comparabd3
with the ML algorithm except for the update f6F which re-
guires singular value decomposition at each iteration. The il
pact on the algorithm’s run-time is discussed in Section V. 0.2
While the nonstationary MAR model is defined in the time
domain, it is possible to convert to a frequency domain repr
sentation, as described in [18]. This allows for estimation, n 4
only of the spectra for each channel but also of the cross-spec 0 10 20 30 40
These cross-spectra can then be decomposed into phase anu vo- Frequency
herence components. Fig. 2. A sinusoidally phase-modulated mode with low variance additive
Finally, we note that the algorithm is well suited to dealingoise. The solid line shows the known instantaneous frequency underlying the
with multiple realizations of an observation sequence such gﬁa} Spea&a\'/gsimt?“on lfhi_ng 2 “O“tita“%”afytAR(t‘_‘) mOdf'r“t't_i”ferfrter? UES’\i/'I‘G
occur during event-related experimental paradigms. This J,ﬁo(rimf;s Oppésgdcign zhe relbotoved VB Ezfégu'fe?ve“ ing ctine
achieved by running the E-step once for each realization and
averaging the estimates of, 32! and other sufficient statistics The
as described in [13]. These multiple E-steps are interleay a
with a single M-step. Thus, unlike conventional analysis (ffl ' ‘
event-related data where averaging takes place in the observa- ') = [ +0.17 f finod cos(27 fimoat)- (32)

tion space, in our model averaging takes place in the spacey@d setf = 19.2 Hz and foa = 1.28 Hz. We produced 1
hidden variables. The results from applying this procedure égcond of data sampled at 128 Hz with the observation noise

instantaneous frequency underlying this signal (see e.qg.,
page 368]) is given by

event-related data are given in Section V. variance set to a small vale2 = 0.2) and then applied the
nonstationary MAR model with model order setita= 4. The
V. RESULTS spectral estimates from EM and VB are shown in Fig. 2. Another
data set was then generated, this time with a higher noise level
A. Simulations (02 = 2) and a higher order model was appligd= 8). Fig. 3

Our first results compare the EM and VB algorithms for speghows the EM and VB spectra. For both noise levels, we see
tral estimation of a univariate time-series. As this is a univariat@at EM is prone to overfitting especially when the model order
time series the MAR model reverts to an AR model. This datgover-specified and the signalis noisy. In contrast, VB is robust
set has previously been investigated using a Kalman filter d§-mis-specification of the model order and provides good spec-
proach [19] and consists of a single sinusoid with a frequg‘im)lra' estimates even for noisy data. This is because the Bayesian

that is itself subject to a sinsuoidally varying phase modulatidifiors act as regularizers. For both levels of noise, we see that
the VB model tracks the true instantantaneous frequency under-

yr = Ssin(2r (¢ + 0.058in(27 fi0at))) + 1. (31) lying the data.
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Fig. 3. A sinusoidally phase-modulated mode with high variance additiy Frequency
noise. The solid line shows the known instantaneous frequency underlying the
data. Spectral estimation using a nonstationary AR(8) model inferred using (0)
EM (top) and VB (bottom). This shows the characteristic overfitting of the ENtig 4. Short-time fourier transform estimates of the spectrogram for (a) the
algorithm as opposed to the well-behaved VB procedure. low noise variance data in Fig. 2 and (b) the high noise variance datain Fig. 3. To

achieve areasonable temporal resolution the STFT trades off spectral resolution.
For the low and high noise data sets, the EM algorithm re-
quired 33 and 34 iterations to converge, which took 8 s and ft® VB algorithm is fully automaticy and» (and the state
s. The VB algorithm required 35 and 51 iterations, which toakansformation matrix) are inferred from the data.
11 s and 40 s. More generally, the computer time scales withWe also compare results with those obtained with a short-time
MAR model order. Fourier transform (STFT) approach [14]. We used windows of
The main difference in the estimated parameters from the Bbhgth 32 samples, the data in each window being processed by a
and VB approaches is in the inferred values of the diagonal eB2-tap Hanning filter. To obtain reasonable temporal resolution
ments of the state transition matriix Over a number of runs, for these windows were overlapped by 24 samples. This provided
both levels of noise variance, VB values were typically 0.7-0X3 spectral estimates for the 1-s data period. The resulting spec-
whereas EM values were typically about 0.3-0.4. This showegrams are shown in Fig. 4. Changes to the window length,
that the VB approach places greater emphasis on previous samerlap and filter parameters yielded very similar spectral esti-
ples resulting in a smoother tracking. mates. The spectrograms from the STFT are very broad-band
The VB results should also be compared to the originahd are not at all competitive with those from the nonstationary
Kalman filtering approach [19]. Although this produced gooMAR model.
spectral estimates it required manual setting of state noiseéOur second example looks at a bivariate data set consisting of
precision, ¢, and observation noise precision, parameters two stationary regimes with an abrupt transition between them.
(more precisely, the ratio afto » was set to a value that madeThe first regime consists of two coherent 40-Hz modes and the
the “relative reduction in prediction error due to adaptionsecond of a 40-Hz mode and a 10-Hz mode. The signals were
equal to 0.5, a hand-crafted arbitrary value). In contrastampled at 128 Hz and 100 samples were generated for each
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Fig.5. Tracking of two-time series which, before the state transition, consist%'g‘ 6. Photic _Stlmulatlon E_ach trial of photic stimulation consisted of 1-s
two coherent 40-Hz modes and afterwards consist of a 10-Hz mode and a 405ulus blocks interleaved with 1-s rest blocks.

mode. There are 100 samples in each state. The left four plots show the evolution

of the lag-1 coefficients and the right four show the lag-2 coefficients. The
horizontal line indicates the zero level. After the state transition, the off-diagor
coefficients go to zero reflecting the “disconnection” of the two time series.
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regime. We generated ten such time series and presented the
a nonstationary VB-MAR algorithm with model order septe- m

2. Fig. 5 shows the tracking of the MAR coefficients; a state, |
transition is noticeable half way through each coefficient tins =
series. The change in magnitude of the off-diagonal coefficier
reflects a disconnection of the time series in the second regi= 4
(i.e., they are no longer coherent).

B. Physiological Results

1) Photic SynchronizationThe previous simulation exam-
ples demonstrate the strengths of our algorithm when compa
to ML approaches. In this section, we shall investigate its perfc % ! ] 1 4 5 u
mance on some real physiological data. The problem with this
kind of testing is that an algorithm can produce a set of spectig. 7. The time varying log power spectrum of the EEG signal recorded from
but generally we do not know what the exact spectra should Pé(the P4 spectrum is very similar) during alternating periods of rest and strobe
(unlike the simulation examples). It is, therefore, important """
try and find experimental scenarios in which the results are as
predictable as possible. To this end, our first example applies thé=igs. 7 and 9 show a log-power spectrum and the coherence
algorithm to some EEG data recorded during a photic synchspectrum produced by our algorithm. One can see that it has
nization experiment. successfully resolved the spectral peaks in the power and co-

It is well known that one can cause EEG activity to synchrdrerence at 9, 10, and 15 Hz, respectively. A harmonic peak in
nise with a flashing strobe. In this case, one has a certain amotina coherence has also been detected at 18 Hz, between seconds
of control over the spectral peaks that one expects to see,1sand 2. Note that in Fig. 7, the normal alpha activity at around
properties of the algorithm (such as spectral resolution) can b@& Hz is evident between periods of strobe activiyg(,at the
tested within a true physiological context. beginning of the record). Also in Fig. 9, one should note that al-

EEG data was recorded from channels P3 and P4 (over theugh stimulation synchronises both hemispheres, the resting
left and right parietal cortex), referenced to linked ears. Eaelfpha activity is not coherent between P3 and P4. It is for this
trial of photic stimulation consisted of 1-s stimulus blocks intereason that the peaks in Fig. 9 are better localized to the periods
leaved with 1-s rest blocks (see Fig. 6). The frequencies of tbephotic stimulation. The algorithm is slow to detect the tem-
stimulus blocks were 9, 10, and 15 Hz. EEG data was acquingoral changes and in this particular example, the discrete nature
throughout each trial at a sample rate of 80 Hz and a total @fthe changes in stimulus would really be better captured by a
seven trials of data were analyzed using the multiple E-step dgidden Markov model (the VB approach to the hidden Markov
proach described in Section IV-C. MAR model is considered in [20]). However, by comparison
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Fig. 8. The time varying log power spectrum of the EEG signal recorded froRig. 10. Cusum showing ERD at low frequencies and event-related

P3 during alternating periods of rest and strobe activity, calculated using thenchronization at high frequency over the right-hand area (C3) while

STFT. movements were made with the left hand. The movement occurs=at0 s.
White (black) areas denote an increase (decrease) in spectral power.

qualitative features of this phenomenon have been discovered
by other researchers and provide us with a solid body of
evidence for the analysis presented here. The point is that
previously, researchers have had to average over large humbers
of movement trials in order to discern the salient features. Here
we demonstrate that with only a few trials, we are not only
able to replicate the primary experimental findings of others
but can also detect physiologically appropriate features that are
insensitive to other Fourier-based averaging procedures.

ERD is a phenomenon that appears when one makes self-
paced movements [23], [24]. In brief, the main effect is that
one observes a drop in the EEG’s spectral power in the alpha
frequency band a few seconds before the the physical move-
ment occurs. Then, after the movement terminates, the spectral

. . . - : power “rebounds” back to its resting level. This phenomenon,
Brmin) therefore, provides a nice example of an event-related spectral
Fig. 9. The time varying coherence spectrum between the two EEG signgEange amenable to S.tUdy with our algorithm. .
recorded from P3 and P4. The timing is as in the previous figure. A right-handed subject was asked to make self-paced finger
movements at a frequency of about 3/min. The arm, hand, and
with other continuously changing nonstationary spectral esfingers were supported with the right forefinger held horizontal
mation techniques, our algorithm performs well and managasd unsupported. The self-paced movements involved a brief
to detect true spectral features of a physiological time seriextension of the right finger followed by a return to the hori-
even with a small data set. zontal position, and EEG signals were recorded from C3, F3,

It should be apparent that the small amount of data here p€&z, Fz, C4, and F4, all referenced to the left ear. Eye movement
vents one from obtaining good results from a short-time faattifacts and excess electromyogram (EMG) activity contami-
Fourier analysis. Nevertheless, in Fig. 8 we present the besting the EEG were removed using independent components
log-power spectrum that we could obtain with this method. Wanalysis [25]. The cleaned signal taken from the contralateral
also note that we could not obtain any kind of time-varying cdvand area (C3) was then broken up into 20-s sections with the
herence plot using this method. For wavelet analysis, anotimovementtimed té = 10 s. A trigger signal was recorded from
popular nonstationary spectral estimation paradigm, the estiraa-accelerometer placed on the distal phalanx and data was ac-
tion of coherence estimates is problematic [21] and in many eydired simultaneously with the EEG recording. Twelve clean
perimental situations the coherence is of great interest due totsvements were concatenated and put through the VB algo-
interpretation as a measure of functional coupling between difthm (as described in Section IV-C). Spectra were derived and
ferent cortical areas or between cortex and muscle [22]. a cumulative sum (cusum) was computed in the time domain to

2) Event-Related Desynchronization our second ex- reduce noise in the spectra and to bring out any genuine spec-
ample, ERD, the exact nature of the spectrum is not knowral changes. Fig. 10 shows a time-frequency plot (derived from
with the same precision as the strobe scenario. However, maing MAR coefficients) of this cusum. The baseline spectrum for

Pimpmray | H
: 1
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the cusum was taken as the average of the spectra over the éxséension to the nonstationary case is straightforward, and will
5 s, which is the cause of the vertical linetat 5 s. One can be demonstrated in following papers.
clearly see the ERD in the lower frequency bands, which beginsA further point we would like to emphasise is the suitability
about 3 s before the movement and then rebounds at aboutd the model for analysing event-related data sets. Instead of
after the start of the movement. One can also see a smallerdombining all the epochs together by taking a grand average,
crease in power in the high-frequency band, centerd at 80 Kach epoch is treated as a separate observation sequence and all
that follows the time course of the alpha desynchronization. Thige sequences are presented to the VB algorithm. The algorithm
increase in power at around 80 Hz was much greater contraldien takes averages in the space of hidden variables (i.e., the
eral to the movement and, hence, is unlikely to be due to scliAR coefficients) rather than in the observed variables (i.e.,
EMG. the raw signals). This approach has been demonstrated here in
Event-related increases in high-frequency activity have hittwo different EEG experiments.
erto only been reported in patients with subdural electrode grids=rom the experimental neuroscientist’s point of view, the al-
[26]. These features could be sharpened up by including m@mrithm has a number of desirable properties. We have shown
movements in the average, as is done in more traditional dpat it performs spectral estimation in scenarios where a short
proaches to event-related (de)synchronization. Physiologicatiigta set would prevent any sort of Fourier-based analyses. In ad-
this result is important as it provides evidence that movemeudition, the MAR representation enables straightforward calcu-
related oscillatory neuronal activity is present in both high- ardtion of time-varying coherences and phases. These quantities
low-frequency bands. are of interest to anyone wishing to study aspects of functional
coupling. As we have noted, the VB framework helps one to
find the most appropriate MAR model for a particular data set.
Thus, the Bayesian framework combined with the MAR repre-
We have proposed an algorithm for modeling nonstationaggntation of time series provides a potentially powerful tool for
multivariate time series, conforming to a multivariate autoréhe analysis of biomedical signals.
gressive process with time-varying coefficients that adapt ac-
cording to a linear dynamical system. While such a model is APPENDIX |
not new, the contribution of this paper has been to present a E-STEP KALMAN SMOOTHER RECURSIONS
Bayesian implementation which allows us retain the full gen-
erality of the model while deriving a practical algorithm.
By placing priors over model coefficients we have derive
a VB algorithm which is a generalization of Shumway an
Stoffer’s [5]. EM algorithm for time-series analysis. Whereai Forward Recursions
the EM approach, being a ML algorithm, is prone to data’
overfitting, we have shown that the VB algorithm is robust. ~ This step implements the recursive computationjcdndy:{
An intermediate step between EM and VB can be implom z;—; andX{_
mented by placing priors over model coefficients and then es- i—1

VI. DISCUSSION

Following [13], we write the expected valuesfconditioned
n all data up to time asz! = E[z|y}]. Similarly, the corre-
gponding covariance is given iy} = Var[z;|y!].

_a.t—1
timating the maximuna posteriori(MAP) parameters. Effec- xi . _%xtt—ll =
tively, the priors act as regularizers which prevent model over- YT =ANTIAT 4+ Q
fitting. The MAP approach is computationally attractive but un- K, =x!"tc, T (Ctzi_lcf + R)
fortunately requires the use afl-hocregularization parameters. _ _
yred 9 P ot =zp o+ K (g — Coat )

In contrast, the VB algorithm provides an automatic method for
finding the appropriate regularizers. For a discussion of these

issues in the context of neural networks, see [27]. The procedure is initialized using = i, and%:0 = ¥; where

'.A‘ futher vir_tue of the VB approach is that it delivers POSthe right-hand-side quantities are updated in the previous M-step
terior distributions over model parameters. These can then e (21), (22), and (24)]

used to provide predictive distributions for previously unseen
data points. These predictive distributions are obtained by “i
tegrating out” the model parameters and so capture all of t
uncertainty of the modeling process. Predictive distributions of The backward recursions computgandy:} from z{~; and
this sort have been obtained for VB Gaussian Mixture Models 1
[11] and can also be obtained for nonstationary MAR models.

»=xi"! K, Cxit. (33)

E-'e Backward Recursions

X T J,_ . =yt-1 AT (Etfl)—l
In this paper, however, we have focussed on characterization t—1 =2 t
rather than prediction and defer the use of predictive distribu- xf =i 14 Jeg (2] — Az)))
tions to future papers. T o=ttt g (T — st byl (34)

While we have shown that the algorithm is insensitive to mis-
specification of model order, it is also possible to use our ajfphe procedure is initialized using®. = %7 andz? = zr
proximation of the model evidence as a model order selectiaere the right-hand-side quantities are from the final forward
criterion. In previous work, we have shown how this applies t@cursion step. The forward and backward steps together allow
the simpler cases of stationary MAR models (see [2]-[4]). Thes to compute:!” and>:I" which are the first two moments of
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xz, conditioned on thavholedata set. We, therefore, have the APPENDIX IV
update forg(x:) = N (pe, X¢) as DENSITIES AND DIVERGENCES
e =zt The K L-divergence between densitigg) andp(x) is
b= ) Ki(g.0) = [ ae)log 20 e (@)
We also let ’ ()
My =3 + pupd (36)

A. Normal Density

and deriveM, , 1 = X7, 4 pui{_; where backward recur-  The multivariate Normal density is given by
sions are used for

|E|_1/2 1 _
S =N+ (B - AN IR, (37) N(Naz)zmexp —§($—N)Tz Ha—p) ).
The last recursion is initialized using (45)
T The KL divergence for Normal densitie$z) = N (pg, 2,)
T (7 _ T-1 g7 &g
Yrr_1 = = KrCy)AXL . (38) andp(z) = N (1. %,) is
APPENDIX Il KL(q,p) = 0.5log (= 2| +0.5trace (3, 1%,)
THE KRONECKERPRODUCT %] J
If Aisam x m matrix andB is an x n matrix, then the +0.5(11g — p) " T g — pp) — 5 (46)
Kronecker product oft and B is the(mn) x (mn) matrix
where|X,| denotes the determinant of the matii.
allB ... almB
A@B = (39 B. Gamma Density
a/rn,lB a/rn,rn,B Th G d t . . b
. . e Gamma density is given
For properties of the Kronecker product see, for example, in[12, yisg y
p. 477]. 1zt —z
G(b,c) = o o > 7 ) (47)
APPENDIX Il .
FREE ENERGY For Gamma densitiegz) = G(b,,¢,) andp(z) = G(b,, ),

the K L-divergence is
The negative free energy (the lower bound on the model evi-

dence) can be written as a sum of three terms. The firsttermis KL(q,p) =(c; — 1)¥(c,) — logb,; — ¢, — logI'(c,)

the average log-likelihood, where the expectation is taken with +1log(c,) + ¢, logh,
respect to the posterior density, and can be written as boc
= (ep = D(U(eg) +1ogbg) + 5 (48)
Law / / 6) log p(D|0)dx"d6. (40) by

The second term is the entropy of the hidden variables and Ié/vhere\I/() is the digamma function [28]

H(z™) = _/q(x‘r)log q(x7)dz", (42) C. Wishart Density
The Wishart distribution is given by ([29, page 85])
while the final term penalises complex models and contains the

Kullback-Leibler divergences between the posterior and prlow B) =
distributions. This is

_/ q(0)log < E9§> df = —~KL(a) — KL(A) — Li(¢,D)  Where
—La(r, B) + H(R)+ H(Q) (42) Zy(a, B) = 2°4/2|B|72/?T (g) (50)

where the integral 5 (a, B) is defined in (51) belowK L(A), . . )
K L(«) and the entropy termé are calculated from (46), (48), and;g(ﬁ is the generalized gamma function defined on page 62

and (52), respectively. Many terms cancel in the sum, so we Je’r
left with the expression he entropy and{ L-divergence of a Wishart can be defined
in terms of the integral

Tt B) B)|A|(“ d=1/2 oxp {—§T7(BA)} (49)

F=-— d—10g27r+ k(10g27r+T) KL(«)

La(a, B) = B)log |A|dA. 1
_KL(A)—i—long(T—l,D)—i—logZd(T,B) a(e, B) /W(“’ Jlog|Ald 1)

B % ET: log ||, (43) The entropy of;(A) = W(q, Q) is then given by
= Hig=- (12921 9 o Z 52
whereZy (a, B) is also defined in Appendix. (@) =- 2 ala, QH_? +log Zale, Q). (52)
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The K L-Divergence between densitie§A) = Wy(q, Q) and
p(A) = Wa(p, P) is given by

KL(q.p) =

IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING, VOL. 49, NO. 10, OCTOBER 2002

[21]

—d-— d
<q721> Ly(q,Q) — % + %TT(PQ_I)
Za(p, P) <p—d—1>
1 — .
+log Z4(2.Q) 5 La(p,P). (53)
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