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MORAVEC’S PARADOX

Rodney Brooks explains that, according to
early Al research, intelligence was “best
characterized as the things that highly
educated male scientists found challenging’,
such as chess, symbolic integration, proving
mathematical theorems and solving
complicated word algebra problems. “ The
things that children of four or five years could
do effortlessly, such as visually distinguishing
between a coffee cup and a chair, or walking
around on two legs, or finding their way from
their bedroom to the living room were not
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thought of as activities requiring intelligence.”

Moravec’s paradox. (2015, April 25). In Wikipedia, The Free
Encyclopedia. Retrieved 14:46, June 17, 2015, from https://en.
wikipedia.org/w/index.php?title=Moravec%27s_paradox&oldid=659139375
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INCS, IT CAN BE HARD TO EXPLAIN
THE DIFFERENCE BETWEEN THE ERSY
AND THE VIRTUALLY IMPOSSIBLE.
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WHY IMAGE PROCESSING SEEMS EASY

Neurons for visual processing take up
30% of the brain's cortex (as opposed to
about 8% for touch and 3% for hearing).
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PIPELINES

In software engineering, a pipeline consists of a chain of processing
elements (processes, threads, coroutines, functions, etc.), arranged
so that the output of each element is the input of the next

Pipeline (software). (2015, May 1). In Wikipedia, The Free Encyclopedia. Retrieved 16:50, June 17,
2015, from https://en.wikipedia.org/w/index.php?title=Pipeline_(software)&o0ldid=660291081
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OPTIMISING TWO PARAMETERS

input

Optimise 1

2nd Optimisation

Optimise 2

output

1st Optimisation
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SINGLE PASS

2nd Optimisation
2nd Optimisation

L -1 0 1 2 3
1st Optimisation

1st Optimisation
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GENERATIVE MODELS

A generative model is a model for randomly generating observable
data, typically given some hidden parameters. It specifies a joint
probability distribution over observation and label sequences.
Generative models are used in machine learning for either modeling
data directly (i.e., modeling observations draws from a probability
density function), or as an intermediate step to forming a
conditional probability density function. A conditional distribution
can be formed from a generative model through Bayes' rule.

Generative model. (2015, April 30). In Wikipedia, The Free Encyclopedia. Retrieved 16:46, June 17,
2015, from https://en.wikipedia.org/w/index.php?title=Generative_model&oldid=660109222
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PROBAILITY THEORY

“Probability theory is nothing but common
sense reduced to calculation.”

— Laplace

Desiderata of probability theory:

@ Representation of degree of plausibility by real
numbers.

© Qualitative correspondence with common sense.

@ Consistency.

Jaynes, Edwin T. Probability theory: the logic of science. Cambridge university press, 2003.
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ProDUCT AND SUM RULES

Product Rule

p(y,x) = p(y[x)p(x)

= p(xly)r(y) p(x) is the probability of x.
Sum Rule p(x,y) is the joint probability of
x and y.
p(y) = Z p(y, x) p(x|y) is the probability of x
x conditional on y.

or for continuous x

ply) = / ply, x)dx
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BAYES RULE

Combining the sum and product rules, gives Bayes rule:

p(X[0)p(0) p(X[0)p(9)

POPY="20) = T, p(XI0)p(0)d0

In words:

Likelihood x Prior
Evidence

Posterior =
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IGNORANCE PRIORS

@ Sometimes we don't have previous observations
to formulate priors.
@ Jaynes suggests using a maximum entropy prior.

@ An ignorance prior is a prior probability
distribution where equal probability is assigned to
all possibilities.

@ Ignorance priors can be motivated via
invariance/symmetry (transformation groups).

Jaynes, Edwin T. Probability theory: the logic of science. Cambridge university press, 2003.
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PRIORS FOR POSITIVE VALUES

Gaussian prior on log(x)

0.1
0.08
@ Some things can not be less than o
zero. 5 W
g 0.04
o Counts of observed photons.
o Multiplicative “bias” fields. 002
o Lengths, areas, volumes, etc. % = : s
. log(x)
@ Formulate the model via
. . . Gaussian prior on log(x)
logarithms, and impose a prior on 02
these. o5
Jeffreys, Harold. “An invariant form for the prior probability in & o
estimation problems.” In Proceedings of the Royal Society of
London A: Mathematical, Physical and Engineering Sciences, 0.05 exp(u)
vol. 186, no. 1007, pp. 453-461. The Royal Society, 1946.
0
0 2 4 6 8 10
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Create
Gather alternative
DATA MODELS

U

Fit each MODEL
to the DATA

N

—

—

MacKay, David JC.
" Bayesian interpolation.”

Gather

Create new Neural computation 4,

more data

Assign preferences to the
alternative MODELS

models no. 3 (1992): 415-447.

T

!

Choose what
data to
gather next

/N

Decide whether

to create new
models

Choose future
actions
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GOLDILOCKS AND THE THREE BAYESu uooss

— o Everything
e P(Datta | Model,) Shou/d be made
—— p(Data | Model,)

as simple as
possible, but not
simpler.”

/This model was too simple

— Einstein (possibl
This model is just right (p y)

Evidence

This model was too complex

-, ] - p(x|M) = /{9 p(x, 0| M)do
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GENERAL AIM OF MEDICAL IMAGE COMPUTING

Given an image or a set of images x*, best predict y*.
Here, y may be:

e A diagnosis.

@ An optimal treatment decision.

@ Another image, for example:

o A cleaned up version of the same image.

e A map of where a neurosurgeon should best avoid.

o A map of gamma ray absorption for attenuation correction in
MR/PET.

@ etc
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GENERAL AIM OF MEDICAL IMAGE COMPUTING

Often a collection of training data to work from (X and Y).
The aim becomes one of determining p(y*|x*, Y, X).

JOHN ASHBURNER GENERATIVE MODELS
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GENERAL AIM OF MEDICAL IMAGE COMPUTING

Predictions are based on some model, M. Usually, a model has
parameters, -

p(y*|x*, Y, X, M) :/p(y*,9|x*,Y,X,./\/l)d9
0
:/p(y*|x*,v,x,e,M)p(ayM)de
%

Predictions may also be made by averaging over models.

p(y*’X*vYax) = Zp(y*’X*vYaxyMI)P(MI)
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UNFORTUNATELY...

“In theory, there is no difference between theory and
practice. But, in practice, there is.”

Many of the integrations needed to compute model evidence are
not computationally feasible in medical image computing
applications. Workarounds include:

e Use maximum a posteriori (MAP) estimation, and approximate
probability distributions via a delta function.

= arg max log p(X,0)
9
@ Model selection via cross-validation.

JOHN ASHBURNER GENERATIVE MODELS



INTRODUCTION PIPELINES v MODELS
SEGMENTATION PROBABILITY THEORY
LONGITUDINAL REGISTRATION MEDICAL IMAGE COMPUTING

USEFUL TEXTBOOKS

The following books are suggested for all things
Bayesian...

e MacKay, David JC. Information theory, inference
and learning algorithms. Cambridge University
Press, 2003.
http://www.inference.org.uk/itprnn/book.html

@ Bishop, Christopher M. Pattern recognition and
machine learning. Springer, 2006.

@ Murphy, Kevin P. Machine learning: a probabilistic
perspective. MIT Press, 2012.
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© SEGMENTATION
@ Mixture of Gausians
@ “Bias” correction
@ Deformable tissue priors
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MIXTURE OF GAUSIANS

MIXTURE OF (GAUSIANS
“BIAS” CORRECTION
DEFORMABLE TISSUE PRIORS

—log p(f|ps, o, )

_ Z,— log Zk ) \/—exp< (fi— Nkk) ))
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INCORPORATING “BIAS” CORRECTION

K Yk (fi — pi(B)
Z log Z 72exp —#

k=1 27r—,i52 Pi(B)?

Original Corrected Original Corrected
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INCORPORATING “BIAS” CORRECTION

exp <(m(ﬁ)fi — ,Uk)2>

2
20k

Original Corrected Field
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INCORPORATING DEFORMABLE TISSUE PRIORS

pi(B) = bi(e) (oi(B)f; — pui)?
| X —t
Z 8 (Zk 1 Vi bik (cx ) =1 w/27mk ) P( 2Uk >)
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SEGMENTATION
DEFORMABLE TISSUE PRIORS

INCORPORATING DEFORMABLE TISSUE PRIORS

Registration achieved by optimising
objective function w.r.t. a.

bik(ax) denotes tissue probability of class
k at voxel i, after warping by parameters
Q.

JOHN ASHBURNER GENERATIVE MODELS



SEGMENTATION

LATENT VARIABLES

JOHN ASHBURNER

DEFORMABLE TISSUE PRIORS

Optimisation done via EM.

Marginalised is with respect to
latent variables (z), which encode
expectations of tissue class
memberships.

p(f.0) = [,p(f.2.0)dz

where
0 :{N7J777/67a}

GENERATIVE MODELS
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EXTENSIONS

@ Intensity distributions of tissue classes are estimated afresh
each time.

o Intensity priors can be used to inform their estimation, using
Variational Bayes.
o These can be learned from a population of images.

@ Spatial tissue priors can be learned from a population of brain
scans.

o Can introduce a semi-supervised learning scheme.

JOHN ASHBURNER GENERATIVE MODELS



MIXTURE OF GAUSIANS
SEGMENTATION “BIAS” CORRECTION
DEFORMABLE TISSUE PRIORS

@ Ashburner, John, and Karl J. Friston. “Unified segmentation.”
Neuroimage 26, no. 3 (2005): 839-851.

@ http://www.fil.ion.ucl.ac.uk/spm/software/spml2/,
spm12/spm_preproc_run.m.

@ Blaiotta, Claudia, M. Jorge Cardoso, and John Ashburner. " Variational
inference for medical image segmentation." Computer Vision and Image
Understanding 151 (2016): 14-28.
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© LONGITUDINAL REGISTRATION
o Differential Bias Fields
@ Rigid-Body
@ Diffeomorphisms
@ Combined Model
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LONGITUDINAL DATA: OAS2 0002
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First scan (0 days) Second scan (1895 days) Jacobian determinants
after rigid body after rigid body ~N windowed between
registration. g4 W registration. ] 0.7and 1.3.

Residuals from L Residuals from Residuals from
rigid body registration, 4 rigid body registration, .' diffeomorphic

2l registration,
Ll with bias correction.

without bias correction.
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LONGITUDINAL DATA: OAS2 0002

FIELDS

U First scan (0 days)
after rigid body
registration.

Residuals from
tigid body registration,
without bias correction.

JOHN ASHBURNER

Second scan (1895 days)
after rigid body
registration.

Residuals from

bl rigid body registration,

with bias correction.

" windowed between
1 0.7and 1.3,

Residuals from
diffeomorphic
registration,

with bias correction.
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LONGITUDINAL DATA: OAS2 0048

INTRODUCTION
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V2 B 7N 77N 77

248 days 647 days
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LONGITUDINAL DATA: AVERAGES
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Control subjects
expansion/year.

Dementia subjects
expansion/year.
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OPTIMISATION

Problem is treated as finding a maximum a posteriori (or
regularised maximum likelihood) solution.

6 = argmin £(0)
0

where

E(0) = —log p(6, Data) = — log p(Data|@) — log p(0)

JOHN ASHBURNER GENERATIVE MODELS
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OPTIMISATION: NEWTON’S METHOD

LONGITUDINAL REGISTRATION

An iterative local optimisation scheme:

-1
o) — g(n _ [H (5(9(")))} vEWO™)
where H (5(0(”))> = Hessian matrix of 2nd derivatives

VEOM) = vector of 1st derivatives

Note: may converge to a maximum, minimum or saddle point,
depending on whether or not the Hessian is positive definite.

JOHN ASHBURNER GENERATIVE MODELS
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OPTIMISATION: GAUSS-NEWTON ALGORITHM

Gauss-Newton method can be used for least-squares minimisation,
where the objective function has the following form:

2
£(6) = _r7(6)
i
@ Ensures a positive definite approximation of the Hessian.
e Converges (hopefully) to a local minimum.

o+ — 0(">—[JTJ}_1JTr

8!’;
where J = ="
5 (@)
Can also motivate a positive definite approximation via a Fisher
information matrix (as in Fisher scoring).
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DIFFERENTIAL BIAS FIELDS: GENERATIVE MODEL

LONGITUDINAL REGISTRATION

@ .
f(x) — image

|
' p(x) — mean image

v
@. ‘ A — noise precision
T b(x) — bias field
A
N

Ly, — bias regularisation

N — number of images
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DIFFERENTIAL BIAS FIELDS: OBJECTIVE FUNCTION

Minimise the following:
LNYO\ 1
£ =3 (%2l et + JlLubal?)
n=1

f — image

4 — mean image

A — noise precision

b — bias field

Ly, — bias regularisation

N — number of images
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DIFFERENTIAL BIAS FIELDS: EXPONENTIAL MAP

LONGITUDINAL REGISTRATION

@ The "bias field” is really not a bias, as it is multiplicative rather
than additive.

e Want the probability of re-scaling by (say) 2 to be the same as
that of scaling by %

@ Parameterise by a field b(x), and generate bias from the
exponential.

o=t (1+2)
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DIFFERENTIAL BIAS FIELDS: REGULARISATION

LONGITUDINAL REGISTRATION

Penalise sum of squares of second derivatives:

| LpblP? = wo / IV2b(x)| dx

Differential operator Differential operator Green's function
(LLLb) (zoomed out) (via FFTs)
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RIGID-BODY: GENERATIVE MODEL

@ f(x) — image
}

p(x) — mean image

@_. @ A — noise precision
&(x) — rigid-body transform

T q - rigid-body parameters

\ N — number of images

JOHN ASHBURNER GENERATIVE MODELS
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RIGID-BODY: OBJECTIVE FUNCTION

N

£= 320 - eI = j{j ]/| €0, () (Fr(€q, () — pi(x))2dx

n=1

f — image

4 — mean image

A — noise precision

&, — rigid-body transform

N — number of images

JOHN ASHBURNER

Note the change of variables.

lguwx—lgwumoanwx

where |D¢(x)| means the
Jacobian determinant of ¢ at x.
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RIGID-BODY: EXPONENTIAL MAP

LONGITUDINAL REGISTRATION

A rigid-body transformation matrix (Rq € SE(3)) is computed via a
matrix exponential:

0 Gs  —q5 q1 .
g 0 g5 @ I n
Ry = ex , where expQ = —Q".
g P G —-g 0 g3 P ; n!
0 0 0 0

A mapping from each voxel in the template, to the corresponing
voxel in the nth image is by:

100
£q,(X) = 134M; 'Rq, M, m,where ls4= |0 1 0
00 1

o O O

Each M maps from voxels to corresponding mm coordinates.
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RIGID-BODY: EXPONENTIAL MAP

Rotation in 2D (Rq € SO(2)):
0 o
Ry =
o= | 8

Computing a matrix exponential is
analagous to integrating a dynamical
system over unit time.
a1

Rq = lim
n—o0o

—qi/n 1

JOHN ASHBURNER
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DIFFEOMORPHISMS: GENERATIVE MODEL

LONGITUDINAL REGISTRATION

@ f(x) — image

p(x) — mean image

}
A — noise precision
¢(x) — diffeomorphism
A

/ v(x) — initial velocity

L, — velocity regularisation

N — number of images

N

JOHN ASHBURNER GENERATIVE MODELS
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DIFFEOMORPHISMS: OBJECTIVE FUNCTION

u An —1y2 1 2
£ = 3 (2l —rodltIP + 5 ILwval

3
-

N

= 3 (3 [ Do W60, 000 0+ 3Ll

=1

3

f — image

[ — mean image

A — noise precision

¢, — diffeomorphism

v — velocity field

L, — velocity regularisation

N — number of images

JOHN ASHBURNER

Note: Diffeomorphic
deformations are computed via a
Riemannian exponential.
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LONGITUDINAL REGISTRATION =
IRy CoMBINED MODEL

DIFFEOMORPHISMS: EXPONENTIAL MAP

Riemannian exponantial is computed via geodesic shooting.
Initialise ¢, to the identity transform and compute

initial momentum from initial velocity via:

u=LILv.

Then the following dynamical system is integrated
over unit time:

b= (K (IDo| @8 (wosi))) oo e

K, is the Green's function of LiL,, such that: : ;. : h
KiLiLov = v
LIL,vK,u = u

JOHN ASHBURNER GENERATIVE MODELS
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DIFFEOMORPHISMS: EXPONENTIAL MAP

Template and gradients

Residuals Velocity (v) 0 W o W

Momentum (u)

n
nee

f
oo

[ J
®
®
¢
+
+
+
+

N 9

JOHN ASHBURNER
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DIFFEOMORPHISMS: REGULARISATION

w
Ll = [ (521D + (D) T + watr(D)? + sl 72| o

Three hyper-parameters are involved:
@ w; controls stretching and shearing (but not rotation).

@ w»y controls the divergence, which in turn determines the
amount of volumetric expansion and contraction.

@ wj controls the bending energy. This ensures that the resulting
velocity fields have smooth spatial derivatives.
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DIFFEOMORPHISMS: REGULARISATION

LONGITUDINAL REGISTRATION

Two
simulated ..
images
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COMBINED MODEL: GENERATIVE MODEL

LONGITUDINAL REGISTRATION

f(x) — image

1 — mean image
A — noise precision
b(x) — "bias” field

Ly — bias field
regularisation

&(x) — rigid-body transform
q — rigid-body parameters
@, — diffeomorphism
v — velocity field
Ly — velocity regularisation
N — number of images

( : — A

N

Qf .
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COMBINED MODEL: GENERATIVE MODEL

Minimise the following objective function:
N 1 / by, (x) 2
€= LN 3 A Do) (£(x) — u(x)eb ) dx
+ 30001 3 Ibwgval® + 320 3 1 Lobal 2

where:

$n = £q,,o¢v,,
fl; = fn(‘Pn)
by, = bn(en)
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“Everything is the way it is because it got that way”

D’Arcy Wentworth Thompson (1860-1948)

@ Ashburner, John, and Gerard R. Ridgway. " Symmetric diffeomorphic
modeling of longitudinal structural MRI." Frontiers in neuroscience 6
(2012).

@ http://www.fil.ion.ucl.ac.uk/spm/software/spmi2/,
spm12/toolbox/Longitudinal.
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D'Arcy Thompson
On Growth and Form
(Dundee, 1917)
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