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Abstract

This article offers an account of embodied exchange with the world that associates
conscious operations with actively inferring the causes of our sensations. Its agenda is
to link formal (mathematical) descriptions of dynamical systems to a description of
perception in terms of beliefs and goals. The argument has two parts: the first calls on
the lawful dynamics of any (weakly mixing ergodic) system that persists in a changing
environment - from a single cell organism to a human brain. These lawful dynamics
suggest that (internal) states can be interpreted as modelling or predicting the
(external) causes of sensory perturbations. In other words, if a system exists, its
internal states must encode probabilistic beliefs about external states. Heuristically, this
means that if I exist (am) then [ must have beliefs (think). The second part of the
argument is that the only tenable beliefs I can entertain about myself are that I exist.
This may seem rather facile; however, if we associate existing with ergodicity, then
(ergodic) systems that exist by predicting external states can only possess prior beliefs
that their environment is predictable. It transpires that this is equivalent to believing
that the world - and the way it is sampled - will minimise uncertainty about the causes
of sensations. We conclude by illustrating the behaviour that emerges under these
beliefs using simulations of saccadic searches - and considering them in the light of
conscious perception.

Key words: active inference - autopoiesis - cognitive - dynamics - free energy - consciousness - self-
organization

1 Introduction

“How can the events in space and time which take place within the spatial boundary of a living
organism be accounted for by physics and chemistry?” Erwin Schrodinger (1943)
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How does Schrodinger’s question touch on philosophical propositions, such as René Descartes’
famous proposition Cogito ergo sum (‘I think, therefore I am’). This article tries to cast thinking
in terms of probabilistic beliefs and thereby link consciousness to probabilistic descriptions of
self-organisation - of the sort found in statistical physics and dynamical systems theory. This
agenda may sound ambitious but it may be easier than at first glance. The trick is to associate
philosophical notions - such as ‘I think’ and ‘I am’ - with formal constructs, such as probabilistic
inference and the implications of existing over extended periods of time. In brief, we start off by
considering what it means for a system, like a cell or a brain, to exist. Mathematically, this
implies certain properties that constrain the way the states of such systems must change - such
as ergodicity. In other words, any measurement of such systems must converge over time
(Birkhoff, 1931). Crucially, if we consider these fundamental properties in the context of a
separation between internal and external states, one can show that the internal states minimize
the same quantity minimized in Bayesian statistics. This means one can always interpret a
system that exists and as making probabilistic inferences about its external milieu. Formally,
this turns Descartes’ proposition on its head; suggesting that ‘I am [ergodic], therefore I think'.
However, if a system ‘thinks’ - in the sense of updating probabilistic beliefs - then what does it
believe?

We will consider the self-consistent (prior) belief, which is ‘I think, therefore I am [ergodic]’.
This prior belief is formally equivalent to minimising uncertainty about the (external) causes of
sensory states that intervene between external and internal states. This is precisely the
imperative that drives both scientific hypothesis testing and active perception (Helmholtz,
1866/1962; Gregory, 1980; O'Regan & Noé&, 2001; Wurtz, McAlonan, Cavanaugh, & Berman,
2011). Furthermore, it provides a nice perspective on the active sampling of our sensorium.
This perspective suggests perceptual processing can be associated with Bayesian belief
updating (Dayan, Hinton, & Neal, 1995). For a comprehensive and heuristic discussion of these
ideas see (Clark, 2013) and (Hohwy, 2013). To make these arguments more concrete, we will
consider an example of the ensuing active inference, using simulations originally described in
(Friston, Adams, Perrinet, & Breakspear, 2012).

This article comprises three sections. The first section draws on two recent developments in
formal treatments of self-organization and nonequilibrium steady-state dynamics. The first
development is an application to Bayesian inference and embodied perception in the brain
(Friston, Kilner, & Harrison, 2006). The second is an attempt to understand the nature of self-
organization in random dynamical systems (Ashby, 1947; Haken, 1983; Maturana & Varela,
1980; Nicolis & Prigogine, 1977; Schrodinger, 1944). This material has been presented
previously (Friston, 2013) and - although rather technical - has some relatively simple
implications. Its premise is that biological self-organization is (almost) inevitable and manifests
as a form of active Bayesian inference. We have previously suggested (Friston, 2013) that the
events “within the spatial boundary of a living organism” (Schrodinger, 1944) may arise from the
very existence of a boundary or blanket - and that a (Markov) blanket may be inevitable under
local coupling among dynamical systems. We will see that the very existence of a Markov
blanket means we can interpret the self-organisation of internal states in terms of Bayesian
inference about external states.

The second section looks more closely at the nature of Bayesian inference, in terms of prior
beliefs that might be associated with a system that minimises the dispersion (entropy) of its



external states through action. We will see that these prior beliefs lead to a pre-emptive
sampling of the sensorium that tries to minimise uncertainty about hypotheses encoded by the
internal states.

The final section illustrates these ideas using simulations of saccadic eye movements to unpack
the nature of active inference. This section contains a brief description of an agent's prior beliefs
about the causal structure of its (visual) world and how that world would be sampled to
minimise uncertainty. Finally, the results of simulated saccadic eye movements and associated
inference are described, with a special emphasis on the selection of beliefs and hypotheses that
are entertained by our enactive brain.

2 I am therefore I think

This section covers the basic theory behind the self-organisation of (weakly mixing ergodic)
random dynamical systems to show that they can always be interpreted in terms of active
modelling or inference. This is important because it leads to conclusions that are exactly
consistent with the good regulator theorem (every good regulator is a model of its
environment) and related treatments of self-organization (Ashby, 1947; Nicolis & Prigogine,
1977; van Leeuwen, 1990; Maturana & Varela, 1980). It also means that there is a direct
Bayesian interpretation of any self-organised dynamics in a system that exists in the ergodic
sense. What follows is a summary of the material in (Friston, 2013).

2.1 Ergodic densities and flows

We start by considering any (weakly mixing) ergodic random dynamical that can be described
by stochastic differential equations of the following form:

x=f(X)+w 1

Here, the flow of states f (X) is subject to random fluctuations @ . Because the system is ergodic
(and weakly mixing) it will, after a sufficient amount of time, converge to an invariant set of
states called a pullback or random global attractor (Crauel & Flandoli, 1994; Crauel, 1999). The
associated ergodic density p(X|m) for any system or model M is the solution to the Fokker-

Planck equation (Frank, 2004) describing the time evolution of the probability density over
states

p(x|m)=v-(I'V-1f)p 2

Here, the diffusion tensor T" is the half the covariance (amplitude) of the random fluctuations.
Equation 2 shows that the ergodic density depends upon flow, which can always be expressed
in terms of curl-free and divergence-free components. This is the Helmholtz decomposition
(a.k.a. the fundamental theorem of vector calculus) and can be formulated in terms of an anti-

symmetric matrix Q(X) =—Q(X)" and a scalar potential L(X) that plays a role of a Lagrangian

(Ao, 2004)
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f(x) = (Q-T)VL(X) 3

Using this standard form (Yuan, Ma, Yuan, & Ping, 2010), it is straightforward to show that
p(X|m) =exp(—L(X)) is the solution to the Fokker Planck equation above (Friston & Ao,

2012). This means one can express the flow in terms of the ergodic density:
f(X)=(Q-T)VIn p(x|m) 4

This is an important result because it shows the flow can be decomposed into a component that
flows towards regions with a higher ergodic density (the curl-free or irrotational component)
and an orthogonal (divergence-free or solenoidal) component that circulates on isocontours of
the ergodic density. These components are like walking uphill and walking around the base of
the hill respectively. In summary, any ergodic random dynamical system can be formulated as a
circuitous ascent on the log likelihood over the states it visits. Later, we will interpret this
likelihood in a statistical sense and see that any random dynamical system can be interpreted as
performing some form of inference on itself.
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Figure 1: Markov blankets and the free energy principle. These schematics illustrate the partition of
states into internal states and external states that are separated by a Markov blanket - comprising sensory
and active states. The upper panel shows this partition as it might be applied to a cell: where the internal
states can be associated with the intracellular states of a cell, while sensory states become the surface states
or cell membrane overlying active states (e.g., the actin filaments of the cytoskeleton). The lower panel shows
the same dependencies but rearranged so that they can be related to action and perception in the brain:
where active and internal states minimize a free energy functional of sensory states. The ensuing self-
organization of internal states then corresponds to perception, while action couples brain states back to
external states. See main text for details and Table 1 for a definition of the variables.



Table 1: Definitions of the tuple (Q, Y,S, AR, P, C]) underlying active inference

e Asample space €2 from which random fluctuations @ € Q2 are drawn

e External states Y 1Y x Ax W— R - states of the world that cause sensory states and depend
on action

e Sensory states S:Y x AxW-— R - the agent’s sensations that constitute a probabilistic
mapping from action and external states

e Action states A:SxRx€Q — R - an agent’s action that depends on its sensory and internal
states

e Internal states R:RxSxQ — R - representational states of the agent that cause action and
depend on sensory states

e Ergodic density p(y,S,a,r | m)- a probability density function over external 7 € ¥, sensory

S e S,active @ € A and internal states I € R for a system or model denoted by m
e Variational density (y | r) - an arbitrary probability density function over external states that

is parameterized by internal states

2.2 Systems and Markov blankets

When we talk about a system that can be distinguished from its environment, we implicitly call
on the notion of a Markov blanket. A Markov blanket is a set of states that separates two other
sets in a statistical sense. The term Markov blanket was introduced in the setting of Bayesian
networks or graphs (Pearl, 1988) and refers to the children of a set (the set of states that are
influenced), its parents (the set of states that influence it) and the parents of its children.

A Markov blanket induces a partition of states into internal states and external states that are
hidden (insulated) from the internal (insular) states by the Markov blanket. For example, the
surface of a cell may constitute a Markov blanket separating intracellular (internal) and
extracellular (external) states (Auletta, 2013; Friston, 2013). Statistically speaking, external
states can only be seen vicariously by the internal states, through the Markov blanket. The
Markov blanket can itself be partitioned into two sets that are, and are not, children of external
states. We will refer to these as surface or sensory states and active states respectively. Put
simply, the existence of a Markov blanket S x A implies a partition of states into external,
sensory, active and internal states: X € X =¥ xS x AxR as in Figure 1. External states cause
sensory states that influence - but are not influenced by - internal states, while internal states
cause active states that influence - but are not influenced by - external states. Crucially, the
dependencies induced by Markov blankets create a circular causality that is reminiscent of the
perception and action cycle (Fuster, 2004). This circular causality means that external states
cause changes in internal states, via sensory states, while the internal states couple back to
external states through active states.

Equipped with this partition, we can now consider the dependencies among states implied by
the Markov blanket, in terms of their flow above. The flow through any point (S,a,r) in the

state space of the internal states and their Markov blanket is (Friston, 2013):
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f.(s,a,r)=T-Q)V,Inp(s,a,r|m)
f.(s,a,r)=T-Q)V,Inp(s,a,r|m)

This shows that the flow of internal and active states performs a circuitous gradient ascent on
the marginal ergodic density over internal states and their Markov blanket. It is a marginal
density because we have marginalised over the external states. This means the internal and
active states behave as if they know the distribution over external states that would be
necessary to perform the marginalisation. In other words, the internal states will appear to
respond to sensory fluctuations based on (posterior) beliefs about underlying fluctuations in
external states. We can formalize this notion by associating these beliefs with a probability
density over external states ((y | ) thatis encoded (parameterized) by internal states:

Lemma (free energy): for any random dynamical system with a Markov blanket and Lagrangian
L(X)=—In p(w,s,a,r), there is a free energy F(S,a,r) that describes the flow of internal and

active states in terms of a generalized descent

f.(s,a,r)=(Q-I)V,F
f.(s,a,r)=(Q-I)V,F

F(s.a,r) = E[L()]-H[a(y )]

This free energy is a functional of a variational) density Q(y |r) - parameterized by internal

states - that corresponds to the expected Lagrangian minus the entropy of the variational density.

Proof: using Bayes rule, we can rearrange the expression for free energy in terms of a Kullback-
Leibler divergence (Beal, 2003)

F(s,ar)=—-Inp(s,ar|m)+ D [q( | pl¥|sa) 7

When q(w |r) = p(y|s,a), the divergence term disappears and we recover the ergodic flow in
Equation 5:

f.(s,a,r)=T-Q)V,Inp(s,a,r|m)
f.(s,a,r)=(T-Q)V,Inp(s,a,r|m)

In other words, the ergodic flow ensures the variational density is the posterior density, such
that the variational density represents the hidden states in a Bayes-optimal sense O

Remarks: all this proof says is that if one interprets internal states as parameterising Bayesian
beliefs about external states, then the dynamics of internal and active states can be described as
a gradient descent on a variational free energy function of internal states and their Markov
blanket. Variational free energy was introduced by Feynman to solve difficult marginalisation
problems in path integral formulations of quantum physics (Feynman, 1972). This is also the



free energy bound that is used extensively in approximate Bayesian inference (e.g., variational
Bayes) (Beal, 2003; Hinton & van Camp, 1993; Kass & Steffey, 1989). The expression for free
energy in Equation 7 discloses its Bayesian interpretation: the first term is the negative log
evidence or marginal likelihood of the internal states and their Markov blanket. The second term
is a relative entropy or Kullback-Leibler divergence (Kullback & Leibler, 1951) between the
variational density and the posterior density over external states (i.e.,, the causes of sensory
states). Because this divergence cannot be less than zero, the internal flow will appear to have
minimized the divergence between the variational and posterior density. In other words, the
internal states will appear to have solved the problem of Bayesian inference by encoding
posterior beliefs about the causes of its sensory states - under a generative model provided by
the Lagrangian. This is known as exact Bayesian inference because the variational and posterior
densities are identical. Later, we will consider approximate forms (under the Laplace
assumption) leading to approximate Bayesian inference. In short, the internal states will appear
to engage in Bayesian inference but what about action?

Because the divergence in Equation 7 can never be less than zero, free energy is an upper bound
on the negative log evidence. Now, because the system is ergodic we have

F(s,a,r)=—Inp(s,a,r|m)
= 9
E[F(s.an]=E[-Inp(s,ar|m]=H[p(s,ar|[m)]

expected surprise entropy

This means that action will (on average) appear to place an upper bound on the entropy of the
internal states and their Markov blanket. Together with the Bayesian modelling perspective,
this is consistent with the good regulator theorem (Conant & Ashby, 1970) and related accounts
of self-organization (Ashby, 1947; Nicolis & Prigogine, 1977; Friston & Ao, 2012; van Leeuwen,
1990; Pasquale, Massobrio, Bologna, Chiappalone, & Martinoia, 2008). These treatments
emphasise the homoeostatic nature of self-organisation that maintains internal states within
physiological bounds. This characteristic resistance to the dispersion of internal states underlies
the peculiar ability of animate systems to resist the second law of thermodynamics - or more
precisely the fluctuation theorem (Evans & Searles, 1994). Furthermore, as shown elsewhere
(Friston, 2012; Friston, 2010) free energy minimization is consistent with information-theoretic
formulations of sensory processing and behaviour (Bialek, Nemenman, & Tishby, 2001; Barlow,
1961; Linsker, 1990). Finally, Equation 7 shows that minimizing free energy entails maximizing
the entropy of the variational density (or posterior uncertainty) in accord with the maximum
entropy principle (Jaynes, 1957). Maximising posterior uncertainty may seem odd but it is a
vital part of Bayesian inference - that is closely related to the Laplace’s principle of indifference
and Occam's razor.

One interesting feature of the free energy formulation is that internal states encode beliefs
about the consequences of action. In other words, internal states can only infer action through
its sensory sequelae - in the same sense that we are not aware of our movements per se, only
their consequences. This creates an important distinction between action and (approximate
posterior) beliefs about its consequences encoded by internal states.

Friston, K. (2017). | am therefore | think. In M. Leuzinger-Bohleber, S. Arnold & M. Solms (Eds.), The
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From our current (existential) perspective, this statistical interpretation of ergodic behaviour
has something quite profound to say: because internal states encode probabilistic beliefs, the
free energy function of internal states now becomes a free energy functional (function of a
function) of a probability distribution. This is interesting because the flow of (material) states
therefore becomes a functional of (immaterial) probabilistic beliefs. This furnishes a formal link
between the physical (states or res extensa) and the mindful (beliefs or res cogitans). Another
perspective on this bridge over the Cartesian divide is that the free energy Lemma above
provides a (wide sense) realization relationship (Wilson 2001; Gillett 2002). In other words, the
implicit process of inference affords a unique mapping between biophysical states (internal
states) and the properties (probabilistic beliefs) they realize (c.f., Bechtel 1999). See figure 2. In
the next section, we consider the nature of these beliefs in more detail and work towards a more
explicit realisation of beliefs in the context of active inference and Bayesian belief updating.

likelihood and prior beliefs

F=E,[-Inp(s|y.a,r)—Inp(y|a)-Inp(arim]-Hg|r)]

Free energy functional
res cogitans (beliefs) posterior beliefs
alIr)=plyls,a) Ay Ir)=plwis.a)
Beliefproduction Free energy functional Beliefproduction
f =(Q-T)V,F(s,a.qy|r) f =(Q-T)V,F(s,a,q(wIr)
f.=(Q-T)V.F(s.aqIr) f.=(Q-IV.F(s.aaq(yr)
res extensa (extensive flow) res extensa (extensive flow)
“l am [ergodic] therefore | think” “I think [ am ergodic] therefore | am [ergodic]”

Figure 2: Material and immaterial aspects of ergodic dynamics. Left panel: This schematic highlights
the relationship between the (ergodic) flow of biophysical states described by a free energy functional of a
probability density. This (variational) density corresponds to posterior beliefs over the external states
causing sensory states. The important point illustrated here is that there is a lawful coupling between the
(material) flow and the (immaterial) beliefs that are realised by (caused by) and realise (cause) the flow.
Right panel: the same scheme has been unpacked to highlight the fact that the free energy functional
depends upon both posterior beliefs and prior beliefs inherent in the generative model (or flow’s
Lagrangian). Furthermore, these prior beliefs are themselves predicated on posterior beliefs (through their
uncertainty or entropy) adding an extra layer of probabilistic bootstrapping. The key distinction between
right and left panels is that the (material) flow of the system is now prescribed by (immaterial) prior beliefs
about the nature of this flow and, in this sense, suggests one can interpret the dynamics of animate systems
as predicated upon beliefs about their own behaviour.

3 I think therefore I am

The previous section established that (ergodic) systems with measures that converge over time
are, in some sense, equipped with probabilistic beliefs that are encoded by their internal states.
However, there is nothing in this formulation that differentiates between the sorts of systems
(or their Markov blankets) that emerge over time - or the nature of the attracting set of states
that endow them with a recognisable phenotype. This attracting set or random dynamical



attractor can be highly structured and space-filling but retain a low volume or entropy
(Freeman, 1994) - like the cycle of states we seek out in our daily routine. Conversely, the
attracting set could encompass a large number of states with an amorphous (high volume or
entropy) attractor. In this section, we try to explain the emergence of structured attracting sets
that are characteristic of animate systems - like ourselves - by exploiting the modelling
interpretation of ergodic flows. The argument goes as follows:

Lemma: the internal states of any ergodic system that is equipped with a Markov blanket and a
low measure attracting set (or low entropy ergodic density) must believe they have a low measure
attracting set.

Proof: the proof is by reductio ad absurdum. The free energy Lemma demonstrates the existence
of a Lagrangian that plays the role of a probabilistic generative model of a system’s external
states. This model entails (prior) beliefs of the system that determine its action, where action
constitutes the flow described by the Lagrangian. Now, if the beliefs entailed by the Lagrangian
do not include a low measure attracting set, then any action that preserves a low measure
attracting set cannot be described by the Lagrangian. This means the system cannot be ergodic
(because it violates free energy Lemma) and will dissipate after a sufficient period of time O

Remarks: this argument rests upon the circular causality inherent in the mapping between
probabilistic descriptions (beliefs) and biophysical dynamics (flows). In other words, action is a
component of flow that induces an ergodic probability density with an associated Lagrangian.
This Lagrangian entails beliefs that describe action. Put simply, the physical behaviour of an
ergodic system must be consistent with its beliefs. This means it is entirely tenable to regard the
internal states (encoding beliefs) to be the authors of their own existence - where these beliefs
are fulfilled by action. Clearly, this rests on a permissive environment that allows itself to be
sampled in a way that renders the beliefs a veridical description of that sampling. This
permissive aspect emphasises the co-evolution of agents and their (sampled) environments that
are forever locked in an existential alliance.

In what follows, we will work through this argument in more detail, looking at the beliefs that
systems or agents might entertain. In the current setup, beliefs are probability distributions that
specify the free energy, which describes the flow of internal states and action (Equation 6). We
have seen that posterior beliefs are encoded by the internal states. However, free energy is also
defined by the Lagrangian or probabilistic generative model. We can unpack this model in terms
of its likelihood and priors in the following way:

F=E[-InpSly,.v,.4F)-Inply,|[v,)-Inply,|8)-Inp@Er|im]-Hy|f] 10

likelihood empirical priors empirical priors full priors posterior uncertainty

Here, the external states ¥ =YW x¥, have been separated into hidden and control states.

Control states are the consequences of action and - in the generative model - determine the
evolution of hidden states. Equation 10 also introduces a ~ over states to denote their motion,
acceleration and so on, such that X=(X,X,...). This allows us to consider probabilities over the

flow or trajectories of states as opposed their instantaneous value.
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As above, the free energy is the expected Lagrangian (energy) minus the entropy of the
posterior beliefs. However, here the Lagrangian has been factorised into likelihood, empirical
and full priors. The likelihood is simply the probability of some sensory states given their
causes, while empirical priors are probability distributions over the hidden states, given control
states and control states, given action. The full priors are over action and internal states and will
not play a role in what follows. Empirical priors are a technical term denoting components of a
(hierarchical) generative model that are ‘sandwiched’ between the likelihood and full priors.

These components of the generative model are implicit in the system dynamics; in other words,
they constitute the Lagrangian whose expectation, under posterior beliefs, produces the
marginal density describing flow in Equation 5. In this sense, the generative model embodies
prior beliefs about the evolution of hidden and control states and how these states create the
sensorium in a probabilistic sense. The prior beliefs concern the consequences of action and -
through the minimisation of free energy by action - constitute self-fulfilling beliefs about the
consequences of behaviour. So what form might these beliefs take?

If we consider any system or agent that has adapted to (or has adapted) its environment, then
its ergodic density will have low entropy, which is upper bounded by the measure or volume of
its random dynamical attractor (Friston, 2012). In other words, it will engage with its
environment in a structured and organised fashion, revisiting attracting sets of states time and
time again in an itinerant fashion. In computational biology and physics, this is known as a
nonequilibrium steady-state (Jarzynski, 1997; Tomé, 2006). One can express the entropy of the
ergodic density in terms of the entropy of sensory states (and their Markov blanket) and the
entropy of external states, given the state of the Markov blanket:

H(¥,S,AR)=H(S,AR|m)+H(¥|S,A)
11
= E[-In p(S.4 F|m)]+E[H(¥|S =5 A=4a)]

expected surprise expected uncertainty

Because the system is ergodic, these two components correspond to the expected surprise and
posterior uncertainty over time. Surprise is just the negative log marginal density or Bayesian
model evidence that is implicitly minimised by ergodic flow, while the expected uncertainty is
the entropy of the posterior distribution over external states. Although these expressions may
look complicated, they say something quite intuitive; namely, agents that have adapted to (or
have adapted) their environment are generally not surprised about their sensory samples and
are confident about the causes of those samples. However, there is a problem here.

Recall from the previous section that the ergodic flow only suppresses surprise or its free
energy bound (Equation 9). This means there is no guarantee that the causes of sensations will
have low entropy. Indeed, we saw in the previous section that action only suppresses the
entropy of sensory states and their Markov blanket - it does not affect the entropy of external
states. In other words, ergodic systems could, in principle, have high entropy and dissipate
themselves over large volumes of state space. So what properties (or beliefs) must low entropy
systems possess?
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We know that external states depend on action. This means it is sufficient for the agent to have
prior beliefs (entailed in its kinetics, wiring or functional architecture) that the consequences of
action will create a low entropy environment. However, action only minimises surprise.
Therefore agents with low entropy ergodic densities must find high entropy distributions
surprising:

—Inp(y, &) =7-HlpW, (t+7)]%,,5 8] ~y-Hlq(y, (t+7)|y,.7)] 12

prior surprise posterior uncertainty expected uncertainty

This expression says that the most likely control states are those that minimise posterior
entropy or uncertainty about hidden states in the future. The intuition behind this rests on
appreciating that the flow decreases entropy production, while the dispersive effects of random
fluctuations increase entropy production. In nonequilibrium steady-state, these two effects are
balanced and the entropy does not change. This balance can be nuanced by control states, to
ensure the flow of hidden states decreases entropy production - by directing the flow to regions
of high ergodic density. In short, inherent in the generative model of a low entropy system,
there are prior beliefs that control states are unlikely to engender posterior uncertainty. The
second equality above uses the fact that the variational density is the posterior density over
hidden states. This means expected uncertainty can be approximated by evaluating the entropy
of hidden states in the future, for any given (trajectory of) control states.

The constant of proportionality in the above equation can be interpreted as the precision of
prior beliefs about control - and itself has an optimal value that maximises free energy. This
precision has been discussed (in the slightly different of discrete state space Markov decision
problems) in terms of sensitivity or inverse temperature in (softmax) choice rules that
predominate in optimal decision theory and economics - and also in terms of dopamine
discharges in neurobiology (Friston, Schwartenbeck, FitzGerald, Moutoussis, Behrens, &
Raymond J. Dolan, 2013).

There are three interesting technical points about the (inherently optimistic) prior beliefs about
control states. First, notice that while they speak to a minimisation of uncertainty under
posterior beliefs (Equation 12), the posterior beliefs per se are trying to maximise posterior
uncertainty (Equation 6). This creates a dialectic that can only be resolved by sampling the
sensorium in a way that minimises uncertainty subject to Laplace's principle of indifference.
Second, notice that the posterior uncertainty is about future states. This immediately brings
active inference into the realm of anticipation and planning, which we will see illustrated below
in terms of anticipatory eye movements. Finally, we have a rather unique probabilistic
construction in which prior beliefs are a functional of posterior beliefs, where posterior beliefs
depend upon prior beliefs. This circular dependency is illustrated in the right panel of Figure 1
and underwrites the (mindful) control of external states.

The prior beliefs above are functions of control states and functionals of beliefs about future
hidden states. The uncertainty or entropy that quantifies these prior beliefs can be regarded as
the salience of fictive outcomes, where a salient outcome resolves uncertainty (entropy)
associated with posterior beliefs about the causes of sensations. In the illustrations below,
salience will be a function of where a visual image could be sampled:
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o(y,)=—-H[a(y,(t+7)|y,,r)]. This leads to the notion of a salience map that constitutes

prior beliefs about the outcomes of visual palpation.

In summary, we have seen that agents can be the authors of their own phenotype - if we
interpret the Lagrangian that underwrites their dynamics in terms of beliefs: in particular, prior
beliefs about how the sensorium will be sampled. In practical terms, this means one can
simulate self-organisation in one of two ways. First, one could write down some equations of
motion and examine the emergent (nonequilibrium steady-state) behaviour - that could be
described with a Lagrangian or ergodic density. Alternatively, one can write down the
Lagrangian and simulate the same behaviour using a gradient ascent on the ensuing free energy.
The crucial difference is that one can prescribe behaviour in terms of a Lagrangian that
describes the flow - as opposed to describing the flow that prescribes a Lagrangian. It is in this
sense - of prescribing behaviour in terms of Lagrangians based on prior beliefs - that we can
regard agents as the autopoietic scribes of their embodied exchange with the world. In the final
section, we will try to illustrate this in terms of active sampling of the visual world and
demonstrate some phenomena that come close to unconscious and possibly conscious
inference.

4 Simulating saccadic searches

This section reproduces the simulations of sequential eye movements described in (Friston,
Adams, Perrinet, & Breakspear, 2012) to illustrate the theory of the previous section. Saccadic
eye movements are a useful vehicle to illustrate active inference because they speak directly to
visual search strategies and a wealth of psychophysical, neurobiological and theoretical study;
e.g., (Tatler, Hayhoe, Land, & Ballard, 2011; Wurtz, McAlonan, Cavanaugh, & Berman, 2011;
Shires, Joshi, & Basso, 2010; Bisley & Goldberg, 2010; Ferreira, Apel, & Henderson, 2008;
Grossberg, Roberts, Aguilar, & Bullock, 1997; Srihasam, Bullock, & Grossberg, 2009). Having
said this, we will focus on the basic phenomenology of saccadic eye movements to illustrate the
key features of the active inference scheme described above. This scheme can be regarded as a
formal example of active vision (Wurtz, McAlonan, Cavanaugh, & Berman, 2011); sometimes
described in enactivist terms as visual palpation (O'Regan & Noé, 2001). People interested in
the neurobiological aspects of active inference will find accessible introduction to predictive
coding in (Bastos, Usrey, Adams, Mangun, Fries, & Friston, 2012).

This section first describes the production of visual signals and how they are modelled. We
focus on a fairly simple paradigm - the categorisation of faces - to illustrate the behaviour
induced by prior beliefs that constitute a generative model. Specifying a generative model
allows us to simulate self-organised behaviour by specifying the dynamics of external states,
internal states and their Markov blanket in terms of a Lagrangian that entails prior beliefs about
minimising uncertainty. In other words, we will integrate the equations of motion in Equations
(1) and (6) and interpreting the resulting dynamics (see Figure 3 for the form of these
equations):
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f,(7,5.4)
f.(17,5,4)

(Q-T)V.F(5,4,F)
(Q-TI)V,F(5,41)

$=f(X)+o: ()= 13

Clearly, to perform the simulations we have to specify the equations of motion for external and
states. This corresponds to specifying the nature of the processes generating sensory samples.
In addition, we have to specify the Lagrangian L(X) that determines the free energy and

subsequent dynamics of perception and action.

In what follows (and generally), the divergence free component of flow is chosen to simply
update the (generalised) states, given their generalised motion: QV,;F =D-X, where
D-)?:(X',X”,...) is a derivative operator (Friston, Stephan, Li, & Daunizeau, 2010). One

interesting issue that will emerge from these simulations is that the external states generating
sensations are not necessarily the states assumed by a generative model.

4.1 The generative process

In these simulations sensory signals are generated in two modalities - proprioception and
vision. Proprioception reports the centre of gaze as a displacement from the origin of some
extrinsic frame of reference. The visual input corresponds to an array of sensory channels

sampling a two-dimensional image or visual scene | : R — R. This sampling uses a grid of 16
x 16 channels that samples a small part the image - like a foveal sampling. To make this
sampling more biologically realistic, each visual channel was equipped with a centre-surround
receptive field that reports a local weighted average of the image.

The only changing external state y €R? describes the centre of oculomotor fixation, whose

motion is driven by action (and decays with a time constant of 16 time bins of 12 ms). This
external state determines where the visual scene is sampled (foveated). The proprioceptive and
visual signals were effectively noiseless, where there random fluctuations had a log precision of
16. The motion of the fixation point was subject to low amplitude fluctuations, with a log
precision of eight. This completes our description of the process generating proprioceptive and
visual signals. We now turn to the model of this process that generates action.
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Figure 3: generative models of visual search: This schematic (left panel) provides the equations of motion
generating sensory states (in proprioceptive and visual modalities). Visual input is generated from an image
that can be sampled locally by foveating a particular point - an external state of the world. The generative
model (right panel) is provided in terms of likelihood, empirical prior and full prior densities. The
proprioceptive likelihood is based on a noisy version of the expected eye position, while the visual input is
generated from a number of potential images or hypotheses. Their relative weights are (nonnegative)
perceptual hidden states, whose dynamics ensure they always sum to unity. The full priors are determined by
a map of salience that approximates the posterior confidence in the inferred hidden states (here, the
perceptual states encoding the competing images). See main text and (Friston, Adams, Perrinet, &
Breakspear, 2012) for further details.

4.2 The generative model

As in the generative process, proprioceptive signals are just a noisy mapping from external
proprioceptive states encoding the direction of gaze. Visual input is modelled as a mixture of
images sampled at a location specified by the hidden proprioceptive state. This hidden state
decays with a time constant of four time bins (48 ms) towards a hidden control state. In other
words, the hidden control determines the location that attracts gaze - in a way not dissimilar to
the equilibrium point hypothesis for motor reflexes (Feldman & Levin, 1995). Crucially, in the
model, visual input depends on a number of hypotheses or internal images

I, :R> > R:iefl,...N} that constitute the agent’s prior beliefs about what could cause its

sensations. The input encountered at any particular time is a weighted mixture of these internal
images, where the weights correspond to hidden perceptual states. The dynamics of these
perceptual states implement a form of dynamic softmax, in the sense that the solution of their
equations of motion ensures the weights sum to one. This means we can interpret the (hidden)
perceptual states as the (softmax) probability that the i-th internal image or hypothesis is the
cause of visual input.

In summary, given hidden proprioceptive and perceptual states the agent can predict its
proprioceptive and visual input. The generative model is specified by these predictions and the
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amplitude of the random fluctuations that determine the agent’s prior certainty about sensory
inputs and the motion of hidden states. In the examples below, we used a log precision of eight
for proprioceptive sensations and let the agent believe its visual input was fairly noisy, with a
log precision of four. All that now remains is to specify prior beliefs about the hidden control
state attracting the centre of gaze, which we have already established can be quantified in terms
of salience - or the reduction of uncertainty (c.f., information gain) associated with each control
state.

4.3 Priors and saliency

To simulate saccadic eye movements, we integrated the active inference scheme for 16 time
bins (196 ms) and then computed a map of salience to update the prior expectations about the
hidden control states that attract the centre of gaze. This was repeated eight times to give a
sequence of eight saccadic eye movements. The salience was computed for 1024 =32x32
locations distributed uniformly over the visual image or scene according to Equation 11 (where
the expected uncertainty was evaluated at the location prescribed by the control state). In other
words, salience was evaluated under current (posterior) beliefs about the content of the visual
scene for all allowable points of fixation. The ensuing salience over the 32x32 locations
constitutes a salience map whose peak drives the next saccade (by reflexively engaging action
through the proprioceptive consequences of the most likely control state). Notice that salience
is a function of, and only of, fictive beliefs about the state of the world and essentially tells the
agent where to sample (look) next to confirm its suspicions about the causes of its sensations.

Figure 4 provides a simple illustration of salience based upon the posterior beliefs or hypothesis
that local (foveal) visual inputs are caused by an image of Nefertiti. The right panel summarises
the classic results of the Yarbus (Yarbus, 1967) in terms of an image and the eye movements it
elicits. The left panels depict visual input after sampling the image on the right with centre-
surround receptive fields. Note how the receptive fields suppress absolute levels of luminance
contrast and highlight edges. It is these edges that inform posterior beliefs about both the
content of the visual scene and where it is being sampled. This information reduces posterior
uncertainty and is therefore salient. The salient features of the image (middle panel) include the
ear, eye and mouth. The location of these features and a number of other salient locations
appear to be consistent with the locations that attract saccadic eye movements (as shown on the
right). Crucially, the map of salience extends well beyond the field of view (circle on the picture).
This reflects the fact that salience is not an attribute of what is seen, but what might be seen
under a particular hypothesis about the causes of sensations.
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Figure 4: Salience and visual searches. This schematic provides an illustration of salience based upon the
posterior beliefs or hypothesis that local (foveal) visual inputs are caused by an image of Nefertiti. The right
panel summarises the classic results of Yarbus - in terms of a stimulus and the eye movements it elicits. The
left panels depict visual input after sampling the image on the far right (using conventional centre surround
receptive fields) and the associated saliency map based on a local sampling of 16 x 16 pixels (using the
generative model described in the main text). The size of the field of view, in relation to the visual scene, is
indicated by the circle on the left image. The key thing to note here is that the salient features of the image
include the ear, eye and mouth. The locations of these features appear to be consistent with the locations
that attract saccadic eye movements (as shown on the right).

To make the simulations a bit more realistic, we added a further prior implementing inhibition
of return (Wang & Klein, 2010; Itti & Koch, 2001). This involved suppressing the salience of
locations that had been recently foveated. The addition of inhibition of return ensures that a
new location is selected by each saccade and can be motivated ethologically by prior beliefs that
the visual scene will change and that previous locations should be revisited.

In summary, we have described the process generating sensory information in terms of a visual
scene and hidden states that specify how that scene is sampled. We have described both the
likelihood and priors that together comprise a generative model. The special consideration here
is that these priors are based upon beliefs that agents will sample salient sensory features based
upon its current posterior beliefs about the causes of those features. We are now in a position to
look at the sorts of behaviour this model produces.

4.4 Simulating saccadic eye movements

We conclude with a realisation of visual search under the generative model described above.
Our purpose here is to illustrate the nature of active inference, when it is equipped with priors
that maximise salience or minimise uncertainty. Figure 5 shows the results of a simulation, in
which the agent had three internal images or hypotheses about the scene that it might sample
(an upright face, an inverted face and a rotated face). The agent was presented with an upright
face and its posterior expectations were evaluated over 16 (12 ms) time bins, after which
salience was evaluated. The agent then emitted a saccade by foveating the most salient location
during the subsequent 16 time bins. This was repeated for eight saccades.
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Figure 5: The dynamics of perception. This figure shows the results of a simulation, in which a face was
presented to an agent whose responses were simulated using the inference scheme described in the main
text. In this simulation, the agent had three internal images or hypotheses about the stimuli it might sample
(an upright face, and inverted face and a rotated face). The agent was presented with an upright face and its
posterior expectations were evaluated over 16 (12 ms) time bins until the next saccade was emitted. This
was repeated for eight saccades. The ensuing eye movements are shown as red dots at the end of each
saccade in the upper row. The corresponding sequence of eye movements is shown in the insert on the upper
left, where the red circles correspond roughly to the proportion of the image sampled. These saccades are
driven by prior beliefs about the direction of gaze based upon the saliency maps in the second row. Note that
these maps change with successive saccades as posterior beliefs about the hidden states become more
confident. These posterior beliefs provide both visual and proprioceptive predictions that drive eye
movements. Oculomotor responses are shown in the third row in terms of the two hidden oculomotor
(proprioceptive) states corresponding to vertical and horizontal displacements. The associated portions of
the image sampled (at the end of each saccade) are shown in the fourth row. The penultimate row shows the
posterior beliefs in terms of their sufficient statistics, namely posterior expectations and the 90% confidence
interval about the true stimulus (grey area). The final row shows the percept that is implicitly selected
(weighted by its uncertainty).

The upper row shows the ensuing eye movements as red dots at the fixation point of each
saccade. The corresponding sequence of eye movements is shown in the insert on the upper left,
where the red circles correspond roughly to the agent’s field of view. These saccades were
driven by prior beliefs about the direction of gaze based upon the salience maps in the second
row. Note that these maps change with successive saccades as posterior beliefs about the
hidden perceptual states become more confident. Note also that salience is depleted in locations
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that were foveated in the previous saccade - this reflects the inhibition of return. Posterior
beliefs about hidden states provide visual and proprioceptive predictions that drive eye
movements. Oculomotor responses are shown in the third row in terms of the two hidden
proprioceptive states corresponding to vertical and horizontal eye displacements. The portions
of the image sampled (at the end of each saccade) are shown in the fourth row. The penultimate
row shows the posterior beliefs in terms of their posterior expectations and 90% confidence
interval about the true stimulus. The key thing to note here is that the expectation about the
true stimulus supervenes over its competing representations and, as a result, posterior
confidence about the stimulus category increases (the posterior confidence intervals shrink to
the expectation): see (Churchland, Kiani, Chaudhuri, Wang, Pouget, & Shadlen, 2011) for an
empirical study of this sort of phenomena. The images in the lower row depict the hypothesis
selected, where their intensity has been scaled to reflect conditional uncertainty, using the
entropy (average uncertainty) of the softmax probabilities.

This simulation illustrates a number of key points. First, it illustrates the nature of evidence
accumulation in selecting a hypothesis or percept the best explains sensory data. One can see
that this proceeds over two timescales; both within and between saccades. Within-saccade
accumulation is evident even during the initial fixation, with further stepwise decreases in
uncertainty as salient information is sampled. The within-saccade accumulation is formally
related to evidence accumulation as described in models of perceptual discrimination (Gold &
Shadlen, 2003; Churchland, Kiani, Chaudhuri, Wang, Pouget, & Shadlen, 2011) This is meant in
the sense that the posterior expectations about perceptual states are driven by sensory
information. However, the accumulation here rests explicitly on the priors implied by the
generative model. In this case, the prevalence of any particular perceptual category is modelled
as a dynamical process that has certain continuity properties. In other words, inherent in the
model is the belief that the content of the world changes in a continuous fashion. This is
reflected in the progressive elevation of the correct perceptual expectation above its
competitors and the consequent shrinking of the posterior confidence interval. The transient
changes in the posterior beliefs, shortly after each saccade, reflect the fact that new data are
being generated as the eye sweeps towards its new target location. It is important to note that
the agent is not just modelling visual contrast, but also how contrast changes with eye
movements - this induces an increase in conditional uncertainty during the fast phase of the
saccade. However, due to the veracity of the posterior beliefs, the posterior confidence shrinks
again when the saccade reaches its target location. This shrinkage is usually to a smaller level
than in the previous saccade.

This illustrates the second key point; namely, the circular causality that lies behind perceptual
sampling. Put simply, the only hypothesis that can endure over successive saccades is the one
that correctly predicts the salient features that are sampled. This sampling depends upon action
or an embodied inference that speaks directly to the notion of visual palpation (O'Regan & Noég,
2001). This means that the hypothesis prescribes its own verification and can only survive if it
is a correct representation of the world. If its salient features are not discovered, it will be
discarded in favour of a better hypothesis. This provides a nice perspective on perception as
hypothesis testing (Gregory, 1980; Kersten, Mamassian, & Yuille, 2004), where the emphasis is
on the selective processes that underlie sequential testing. This is particularly pertinent when
hypotheses can make predictions that are more extensive than the data available at any one
time.
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Finally, although the majority of saccades target the eyes and nose, as one might expect, there is
one saccade to the forehead. This is somewhat paradoxical, because the forehead contains no
edges and cannot increase posterior confidence about a face. However, this region is highly
informative under the remaining two hypotheses (corresponding to the location of the nose in
the inverted face and the left eye in the rotated face). This subliminal salience is revealed
through inhibition of return and reflects the fact that the two competing hypotheses have not
been completely excluded. This illustrates the competitive nature of perceptual selection
induced by inhibition of return and can regarded, heuristically, as occasional checking of
alternative hypotheses. This is a bit like a scientist who tries to refute his hypothesis by
acquiring data that furnish efficient tests of his competing or null hypotheses.

In summary, we have seen an illustration of active inference that emerges when prior beliefs
about controlled sampling of the sensorium reduce posterior or expected uncertainty. It is
interesting to consider the sampling of sensory input, not by saccadic eye movements, but by
rapid redeployment of attentional foci. In this setting, simulations of selective attention (Graboi
& Lisman, 2003) leads to exactly the same conclusion; namely, "that during recognition of
complex visual stimuli [exemplified by words], the window of attention undergoes rapid covert
movements to stimulus regions that are rich in information relevant to recognition" (our italics).

5 Conclusion

In conclusion, starting with some basic considerations about the ergodic behaviour of random
dynamical systems, we have seen how inference could be construed as emergent property of
any weakly mixing (random dynamical) system - and how it can be described in terms of a
generalized descent on variational free energy. Using this formalism, we have been able to
address some fairly abstract issues in the philosophy of realisation and the Cartesian divide
between the material (ergodic flow) and the immaterial (beliefs entailed by the flows
Lagrangian). Some relatively simple (reductio ad absurdum) arguments about the Lagrangian of
ergodic systems lead to the notion that any autopoietic or self-organising system implicitly
entertains prior beliefs that they will sample the sensorium to minimise their uncertainty about
its causal structure. These somewhat abstract arguments were unpacked using simulations of
saccadic searches, which have been previously reported to illustrate the computational anatomy
of embodied (active) perceptual inference.

The take-home message of this work is that the process of unconscious - and indeed conscious
inference — may conform to the same basic principles that underlie self-organisation in any
system with coupled dynamics. The emergence of intentional phenomena rests upon the notion
of a Markov blanket that separates internal states from external states. The very presence of this
separation implies a generalized synchrony (Huygens, 1673; Hunt, Ott, & Yorke, 1997) between
external (e.g.,, environmental) and internal (e.g., neuronal) states that will appear to be lawful -
in the sense that internal states minimize the same free energy functional used for Bayesian
inference. This lends a quintessentially inferential or predictive aspect to internal states that has
many of the hallmarks of cognition and consciousness; particularly when one considers that the
agent is the author of its behaviour.
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Crucially, this inference or assimilation is active, in the sense that the internal states affect the
causes of sensory input vicariously through action. The resulting circular causality between
perception and action fits comfortably with many formulations in embodied cognition and
artificial intelligence; for example, the perception action cycle (Fuster, 2004), active vision
(Wurtz, McAlonan, Cavanaugh, & Berman, 2011; Shen, Valero, Day, & Paré, 2011), the use of
predictive information (Ay, Bertschinger, Der, Giittler, & Olbrich, 2008; Bialek, Nemenman, &
Tishby, 2001; Tishby & Polani, 2010) and homeokinetic formulations (Soodak & Iberall, 1978).
Furthermore, it connects these perspectives to more general treatments of circular causality
and autopoiesis in cybernetics and synergetics (Haken, 1983; Maturana & Varela, 1980).
Remarkably, these conclusions were articulated by Helmholtz over a century ago (von
Helmholtz, 1971):

“Each movement we make by which we alter the appearance of objects should be thought of as an
experiment designed to test whether we have understood correctly the invariant relations of the
phenomena before us, that is, their existence in definite spatial relations.” Herman von Helmholtz
(1878) p.384
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